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Abstract
We develop a framework to investigate conjectures on congruences between the algebraic
part of special values of L-functions of congruent motives. We show that algebraic local Euler
factors satisfy precise interpolation properties in p-adic families of motives and that algebraic
p-adic L-functions exist in quite large generality for p-adic families of automorphic motives.
We formulate two conjectures refining (and correcting) the currently existing formulation
of the Equivariant Tamagawa Number Conjecture with coefficients in Hecke algberas and
pointing out the links between conjecture on special values and completed cohomology.
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1 Introduction
1.1 Motivation
In [Maz79], the following remarkable question is asked about the special values of L-functions of
rational eigenforms, a positive answer to which entails that congruent eigenforms have congruent
special values.
Question 1.1. Can one expect [. . . ] that the residue class, modulo an arbitrary ideal a in the
Hecke algebra, of the "algebraic part" of the special value of the L-function attached to Γ0(N) (and
its twists by Dirichlet characters χ), is given by a "formula" determined by the representation of
Gal(Q¯/Q) on the kernel of a in the jacobian of X0(N)?
Note that B.Mazur had to resort twice to scare quotes in his formulation of the question
as, at the time of his writing, the study of Galois representations with coefficients in Hecke
algebras was barely in infancy and a conjectural theory of special values of L-functions was still
lacking even for modular forms. After the fantastic progresses in the study of p-adic families of
automorphic Galois representations parametrized by Hecke algebras contained in and initiated
by [Hid86, Wil88, Maz89, AS97, CM98, Eme06, BC09, Urb11] (among many other works) and
in the light of the formulation of general conjectures for special values of L-functions of general
motives in [BK90, FPR94], question 1.1 can be precisely stated and investigated, even for more
general motives.
Question 1.2. Suppose that M1 and M2 are two rational motives congruent modulo p (in the
sense that the mod p residual representation attached to their p-adic étale realizations are isomor-
phic). Is it then true that the algebraic part of the special values of their L-functions (with Euler
factors at p removed) are congruent? More generally and more precisely, does the algebraic part
of the special values of the L-functions in p-adic analytic families of motives vary analytically?
Another bolder but natural question in this context is the following.
Question 1.3. Suppose that M1 and M2 are two rational motives congruent modulo p and
suppose that the p-part of the conjectures on special values of L-functions is true for M1, is it
then the case that p-part of the conjectures on special values of L-functions is true for M2?
If Mazur’s question in its general form as in question 1.2 admits a positive answer, then the
truth of the p-part of the conjectures on special values of L-functions for M1 implies that it is
true modulo p for M2. What question 1.3 raises is the question of whether this hypothesis is
enough to ensure that the genuine full conjecture is true. Of course, if all the conjectures on
special values of L-functions of motives are true, question 1.3 tautologically admits a positive
answer so an unconditional positive answer to this question can be seen as supporting evidence
for the general conjectures. On the other hand, it should be noted that even if all conjectures
on special values of individual motives were known, the answer to question 1.2 would still not
obviously be positive; and this is just as well since we show in sub-sections 2.3.1 and 2.3.3 below
that, as formulated, both questions 1.1 and 1.2 admit negative answers.
1.2 Statement of results
The aim of this manuscript is to propose a generalization and refinement of the conjectures
of [Kat93a, Kat93b] on special values of motives with coefficients encompassing the case of
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p-adic families of Galois representations parametrized by Hecke algebras and allowing for an
investigation of questions 1.2 and 1.3.
After reviewing a well-known obstruction relative to places of ramification for a too strong
version of 1.2 to always admit a positive answer, we show following [Sah14] that this obstruc-
tion is the only one and that, in its absence, the far stronger statement that p-adic families
of automorphic motives parametrized by Hecke algebras admit p-adic L-functions interpolating
the algebraic part of the special values of L-functions at points for which the associated Galois
representation is pure in the sense of the Weight-Monodromy Conjecture (so conjecturally at all
classical points) is true. This result applies in particular unconditionally to p-adic families of
eigenforms for GL2 over totally real fields or definite unitary groups over CM fields and it is in
this form that we quote it in the introduction (see theorem 2.12 for a more general statement).
Theorem 1.4. Let G be a definite unitary groups over an imaginary quadratic extension F
of Q or GL2 over a totally real field also denoted by F . Let RΣ be a local factor of the nearly-
ordinary reduced Hecke algebra generated by operators outside Σ attached to a residually absolutely
irreducible representation. Let a be a minimal prime of RΣ. Then there exists a p-adic family F
of GF,Σ-representations with coefficients in RΣ/a and an algebraic determinant LΣ(F ) satisfying
the interpolation property
L{p}(F )⊗RΣ/a,ψ O
can
≃ L{p}(F ⊗RΣ/a,ψ O)
for all ψ attached to classical automorphic representations of G(A
(∞)
Q ).
We further show that a naïve formulation of the expected compatibilities of the statement of
conjectures on special values of L-function with p-adic variation is incorrect.
Theorem 1.5. The generalized Iwasawa main conjecture of [Kat93b, Section 3.2] is false as
stated already for Hida families of eigencuspforms.
Our works suggests that the correct formulation is closely linked with generalizations of the
Local Langlands Correspondence to p-adic families parametrized by Hecke algebra and crucially
involves the completed cohomology of [Eme06]. In that direction, we propose the conjectures 3.4
and 3.6 as corrected versions of [Kat93b, Conjecture 3.2.2]. Though these conjectures are rather
optimistic, we review in theorem 3.7 results of [Fou13] showing that they are true for rational
eigencuspforms admitting Taylor-Wiles systems. As we show that the truth of conjecture 3.4
implies a positive answer to question 1.3, this also settles question 1.3 in the affirmative in that
case.
Going back one last time to Mazur’s original question, we thus establish that though it admits
a negative answer understood literally, a much stronger and much more beautiful statement-
possibly the statement B.Mazur was hinting at behind the quotes-actually holds (at least under
mild hypotheses on the residual representation).
Acknowledgments: The first name author thanks Barry Mazur and David Geraghty for en-
couraging him (in two very different ways) to think about the relation between completed coho-
mology and the trivializations of cohomology complexes as well as the organizers of the workshop
p-adic aspects of modular forms at IISER, Pune for the invitation to participate in this program.
The second named author is grateful to the first named author for providing advice and encour-
agements while preparing [Sah14]. He also thanks Yiwen Ding and Santosh Nadimpalli for useful
discussions.
1.3 General notations
All rings are assumed to be commutative (and unital). If R is a ring, we denote by Hqet(R,−)
the étale cohomology group Hq(SpecR,−). If F is a field, we denote by GF the Galois group of
a separable closure of F . If F is a global field and Σ is a finite set of places of F , we denote by
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GF,Σ the Galois group Gal(FΣ/F ) where FΣ is the maximal Galois extension of F unramified
outside Σ and {v|∞}. If F is a number field and v is a finite place of F , then OF,v is the unit
ball of Fv, ̟v is a choice of uniformizing parameter and kv is the residual field of OF,v. The
reciprocity law of local class field theory is normalized so that ̟v is sent to (a choice of lit of)
the geometric Frobenius morphism Fr(v). For all rational primes ℓ, we fix an algebraic closure
Q¯ℓ of Qℓ, an embedding of Q¯ into Q¯ℓ and an identification ι∞,ℓ : C ≃ Q¯ℓ extending Q¯ →֒ Q¯ℓ.
The non-trivial element of Gal(C/R) is denoted by τ and if R is a ring in which 2 is a unit and
M is an R[Gal(C/R)]-module, then M± or M τ=±1 denotes as usual the eigenspace on which τ
acts as ±1. We fix once and for all an odd prime p.
For G a group, a G-representation (T, ρ,R) is an R-module T free of finite rank together with
a continuous action
ρ : G −→ AutR(T ).
Let F be a number field and R a complete local noetherian ring of residual characteristic p. If Σ
is a finite set of places of F containing {v|p} and if (T, ρ,R) is a GF,Σ-representation, then T can
also be considered as an étale sheaf over SpecOF [1/Σ] and the continuous group cohomology
Hi(GF,Σ, T ) coincides with the étale cohomology H
i
et(OF [1/Σ], T ).
We refer to the appendix for notations and conventions regarding the determinant functor
and complexes of cohomology with local conditions.
A notational difficulty of this manuscript is that two of its main objects of study are the
functors from the category of perfect complexes of R-modules to the category of graded invertible
R-modules of [KM76] and the polynomial laws on group-algebras of [Che14]. These two families
of objects are both called determinants. In order to help distinguish them, the determinant
functor is always written with a capitalized initial.
2 Conjecture on special values and p-adic families of motives
2.1 Review of the Tamagawa Number Conjecture
In sub-section 2.1.1, we review the formalism of the Tamagawa Number Conjecture for pure
motives over Q following [Kat93a, FPR94]. Inspired by Grothendieck’s trace formula and its use
in the expression of the L-function of a scheme over a field of positive characteristic (as recalled
in sub-section 2.1.2), we then recall in sub-section 2.1.3 the refinement of [Kat93a] describing
the behavior of the Tamagawa Number Conjecture under proper base change and outline the
conjectural description given in [Kat93b] of the variation of special values of p-adic étale sheaves
on SpecZ[1/p] with change of ring of coefficients.
2.1.1 The case of rational motives
Let M be a rank n rational motive pure of weight w − 2i, which for concreteness we can take
to be a direct summand of the shifted absolute cohomology hw(X/Q)(i) of a proper smooth
scheme X over Q. Let S be a finite set of primes containing the fixed odd prime p. The p-
adic GQ-representation (H
w
et(X ×Q Q¯,Qp)(i), ρ,Qp) arising from the p-adic étale realization of
M is denoted by Met,p. We also view Met,p as a smooth étale sheaf over SpecZ[1/p]. In this
manuscript, we always consider as an integral part of the definition of a pure motive the fact
that Met,p satisfies the Weight-Monodromy Conjecture of [Ill94, Conjecture 3.9].
Assumption 2.1. Let ℓ 6= p be a finite prime and let σℓ ∈ GQℓ be a lift of Fr(ℓ). The eigen-
values of σℓ acting on the the j-th graded part of the monodromy filtration of the p-adic GQℓ -
representation Met,p are Weil numbers of weight w − 2i+ j.
For all ℓ /∈ S, the Euler factor
Eulℓ(M,X) = det(1 − Fr(ℓ)X |M
Iℓ
et,p)
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is conjectured to lie in Q[X ] (and to be independent of the choice of p, as the notation suggests).
Under this conjecture, the partial L-function LS(M, s) is the complex L-function defined by the
partial Euler product
LS(M, s) =
∏
ℓ/∈S
1
Eulℓ(M,p−s)
=
∏
ℓ/∈S
1
det(1− Fr(ℓ)p−s|M Iℓet,p)
.
for s sufficiently large. It is conjectured to admit a meromorphic continuation to C satisfying
a function equation relating L(M, s) and L(M∗(1),−s). Denote by L∗S(M
∗(1), 0) the first non-
zero term in the Taylor expansion of LS(M, s) about zero. The analytic special value of the
L-function of M∗(1) at zero is the complex number L∗S(M
∗(1), 0).
The complex RΓet(Z[1/S],Met,p) is a bounded (hence perfect) complex of Qp-vector spaces
and, more generally, for all GQ-stable Zp-lattice T inside Met,p, the complex RΓet(Z[1/S], T ) is
a perfect complex of Zp-modules. Seen as complexes placed in degree 0, M
+
et,p and T
+ are also
perfect complexes (of Qp-vector spaces and Zp-modules respectively). Hence, there exists free
modules of rank 1
Det−1Zp RΓet(Z[1/S], T )⊗Zp Det
−1
Zp
(T+) ⊂ Det−1Qp RΓet(Z[1/S],Met,p)⊗Qp Det
−1
Qp
(M+et,p)
over Qp and Zp respectively. The Zp-lattice defined in the right-hand side by the image of the
left-hand side under tensor product with Qp is independent of the choice of T by Tate’s formula
[Tat66, Theorem 2.2].
The following conjecture, called the p-part of the Tamagawa Number Conjecture (henceforth
TNC), is due to Bloch-Kato and is given here in the formulation of [Fon92, Kat93a, FPR94].
Conjecture 2.2 (Tamagawa Number Conjecture). For all finite set of primes S ⊃ {p}, there
exists a fundamental line ∆S(M/Q) which is a Q-vector space of dimension 1 equipped with a
canonical isomorphism
perC : ∆S(M/Q)⊗Q C
can
≃ C
of complex periods and with a canonical isomorphism
perp : ∆S(M/Q)⊗Q Qp
can
≃ Det−1Qp RΓet(Z[1/S],Met,p)⊗Qp Det
−1
Qp
(M+et,p)
of p-adic periods as well as a motivic element zS(M/Q) which is a basis of ∆S(M/Q) verifying
the following properties.
1. The image of zS(M/Q)⊗ 1 through perC is equal to L
∗
S(M
∗(1), 0).
2. The image of the Zp-lattice Zp · (zS(M/Q)⊗ 1) through perp is equal to
Det−1Zp RΓet(Z[1/S], T )⊗Zp Det
−1
Zp
(T+)
for any choice of GQ-stable Zp-lattice T inside Met,p.
As the notation suggests, the conjectural definition of perC and perp is independent of the
choice of the set S.
2.1.2 An interlude on function fields
Let f : X −→ Fq be a finite separated scheme over a field of positive characteristic ℓ 6= p. Denote
X ×Fq F¯q by X¯ and let Λ be a complete local noetherian ring of residual characteristic p. Let
F be a complex of smooth sheaves of Λ-modules on X (that is to say a complex of projective
systems of locally constant sheaves of torsion Λ-modules with transition maps compatible with
reduction modulo mnΛ). Denote by
F
∗ = RHomΛ(F , f !Λ).
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its dual complex of sheaves. The L-function L(X,F ∗, t) of F ∗
L(X,F ∗, t) =
∏
x∈X
1
det(1− Frx tdeg(x),F ∗)
is as in [Dix68, Expose III] the product of the determinants of the Frobenius morphisms at the
stalks of the geometric points of X . By the Grothendieck’s trace formula of [Del77, Théorème
3.2, Rapport], L(X,F ∗, t) is computed by the action of 1− Fr on RΓc(X ×Fq F¯q,F
∗) as
L(X/Fq,F
∗, t) =
∏
i∈Z
det
(
1− tFr, Hic(X¯,F
∗)
)(−1)i+1
(2.1.1)
or equivalently by Poincaré’s duality by the action on RΓet(X ×Fq F¯q,F ) as
L(X/Fq,F
∗, t) = det
(
1− tFr,RΓc(X¯,F
∗)
)−1
= det
(
1− tFr,RΓet(X¯,F )
)−1
.
The complexes RΓet(X,F ) and RΓet(X ×Fq F¯q,F ) fit in the distinguished triangle
RΓ(X,F ) // RΓ(X¯,F )
1−Fr
ww♣♣
♣♣
♣♣
♣♣
♣♣
♣
RΓ(X¯,F )
gg◆◆◆◆◆◆◆◆◆◆◆
inducing canonical trivializations
Det−1Λ RΓet(X,F )
can
≃ DetΛRΓet(X¯,F ) ⊗Det
−1
Λ RΓet(X¯,F )
can
≃ Λ.
The spectral sequence
Ei,j = Hi(GFq , H
j(X¯,F ))
arising from composition of the functors Γet(X¯,−) and Γ(GFq ,−) and converging to H
i+j(X,F )
induces short exact sequences
0 −→ coker(1− Fr)|Hi−1et (X¯,F)
−→ Hi(X,F ) −→ ker(1− Fr)|Hiet(X¯,F) −→ 0. (2.1.2)
Under the standard hypothesis that 1 − Fr acts semi-simply on Hiet(X¯,F ), there is an isomor-
phism between ker(1−Fr)|Hiet(X¯,F) and coker(1−Fr)|Hiet(X¯,F). Hence, the short exact sequences
(2.1.2) define an isomorphism
ψ : Det−1Λ RΓet(X,F ) ≃ Λ.
Equation (2.1.1) can then be reformulated as stating that the pre-image of L∗(X/Fq,F ∗, 1)
through ψ in
Det−1Λ RΓet(X,F )
ψ
//

Λ ∋ L∗(X/Fq,F ∗, 1)
Det−1Λ RΓet(X¯,F )⊗Λ DetΛRΓet(X¯,F )

Λ ∋ 1
(2.1.3)
is the basis of Det−1Λ RΓet(X,F ) sent to 1 ∈ Λ by the vertical arrows. Denote this basis of
Det−1Λ RΓet(X,F ) by zΛ(X,F ).
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The properties of the pair (zΛ(X,F ),Det
−1
Λ RΓet(X,F )) are highly reminiscent of the prop-
erties of the pair (zS(M/Q),∆S(M/Q)) of conjecture 2.2. The Tamagawa Number Conjecture
can thus be considered as an analogue of Grothendieck’s trace formula for motives over number
fields. As it was stated in sub-section 2.1.1, however, the TNC falls short of being a completely
satisfying analogy. Firstly, Grothendieck’s trace formula and more generally the construction
of (2.1.1) is valid for a complexes of sheaves of Λ-modules whereas the TNC is formulated only
for sheaves on SpecZ[1/S] arising from a motive. Secondly, Grothendieck’s trace formula is
compatible with proper base change via the morphism f : X −→ Y in the sense that
zΛ(X,F ) = zΛ(Y,Rf∗F ) (2.1.4)
in
Det−1Λ RΓet(X,F ) = Det
−1
Λ (Y,Rf∗F ).
Thirdly, the pair zΛ(X,F ) ∈ Det
−1
Λ RΓet(X,F ) is compatible with derived change of rings of
coefficients in the sense that
zΛ(X,F )⊗ 1 = zΛ′(X,F
L
⊗ Λ′) (2.1.5)
in
Det−1Λ′ RΓet(X,F )
L
⊗Λ Λ
′ = Det−1Λ′ (Y,F
L
⊗Λ Λ
′).
The TNC a priori satisfies none of these supplementary properties.
2.1.3 Compatibility with SpecOK −→ SpecZ
Following the model of L-function of schemes over finite fields, we recall the classical general-
ization due to [Kat93a] (see also [BF96]) of conjecture 2.2 to incorporate the compatibility with
proper base change (2.1.4).
Let K be a finite abelian extension of Q with Galois group G and ring of integers OK . To
K is attached a rational motive h0(SpecK) whose Betti, de Rham and p-adic étale realizations
are respectively Q[G], K with the filtration F 0K = K and F 1K = 0 and natural action of G
and Qp[G]. If as in sub-section 2.1.1 we denote by M a motive over Q and by S a finite set of
rational primes, there exists a rational motive MK = M ⊗ h
0(SpecK). The local Euler factor
Eulℓ(MK , X) for ℓ 6= p then verifies
Eulℓ(MK , X) = det(1− Fr(ℓ)X |M
Iℓ
K,et,p) =
∏
χ∈Gˆ
det
(
1− Fr(ℓ)X |(M ⊗ Q¯p(χ))
Iℓ
)
.
We assume the conjecture that it belongs to Q[G][X ]. The S-partial L-function
LS(MK , s) =
∏
ℓ/∈S
1
Eulℓ(MK , p−s)
∈ C[G]C
is the product of the Euler factors for ℓ /∈ S.
The following conjecture, due to [Kat93a], expresses the compatibility of conjecture 2.2 with
the proper base change map SpecOK −→ SpecZ. We henceforth refer to it as the p-part of the
Equivariant Tamagawa Number Conjecture for the motive M , the extension K and the set S or,
more commonly and more simply, as the ETNC.
Conjecture 2.3 (Equivariant Tamagawa Number Conjecture). For all finite abelian extension
K of Q with Galois group G and for all finite set of primes S ⊃ {p}, there exists an equivari-
ant fundamental line ∆K,S(M/Q) which is a Q[G]-vector space of dimension 1 equipped with a
canonical isomorphism
perC[G] : ∆K,S(M/Q)⊗Q[G] C
can
≃ C[G]
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of complex periods and with a canonical isomorphism
perp : ∆K,S(M/Q)⊗Q[G] Qp
can
≃ Det−1
Qp[G]
RΓet(OK [1/S],Met,p)⊗Qp[G] Det
−1
Qp[G]
(M+K,et,p)
of p-adic periods as well as an equivariant motivic element zK,S(M/Q) which is a basis of
∆K,S(M/Q) verifying the following properties.
1. The image of zK,S(M/Q)⊗ 1 through perC is equal to L
∗
S(M
∗
K(1), 0).
2. The image of the Zp[G]-lattice Zp[G] · (zK,S(M/Q)⊗ 1) through perp is equal to
Det−1
Zp[G]
RΓet(OK [1/S], T )⊗Zp[G] Det
−1
Zp[G]
((T ⊗Zp Zp[G])
+)
for any choice of GQ-stable Zp-lattice T inside Met,p.
We record the following important fact. Suppose L/Q is a finite abelian extension, that
Q ⊂ K ⊂ L is a finite sub-extension, that SK is a finite set of primes containing exactly p and
all the primes of Q ramifying in K and that SL is a finite set of primes containing exactly p
and all the primes of Q ramifying in L. If conjecture 2.3 is true for the triplets (M,K, SK) and
(M,L, SL), then the trace from C[Gal(L/Q)] to C[Gal(K/Q)] sends LSL(M
∗
L(1), s) to
LSK (M
∗
K(1), s)
∏
ℓ∈SL\SK
Eulℓ(M
∗(1), p−s)
and thus likewise the trace from Qp[Gal(L/Q)] to Qp[Gal(K/Q)] sends zL,SL(M)⊗ 1 to
(zK,SK (M)⊗ 1)
∏
ℓ∈SL\SK
Eulℓ(M
∗(1), 1).
Hence the system of classes {zL,SL(M)}L for Q ⊂ L ⊂ Q
ab satisfies the relations defining an
Euler system. Because an analogous result plays an important role further below, we restate this
point: the compatibility of the TNC with proper base change morphisms implies that motivic
zeta elements form an Euler system.
The collection of ETNC for the abelian p-extensions of Q imply a generalization of conjecture
2.2 with coefficients in rings of larger dimension and is thus a prototype of the phenomena we
discuss in subsequent sub-sections. For n ≥ 1, let Qn/Q be the sub-extension of Q(ζpn) with
Galois group isomorphic to Z/pn−1Z and let On be its ring of integers. Let Q∞/Q be the unique
Zp-extension of Q, that is to say the union of the Qn. Let Γ be the Galois group Gal(Q∞/Q) and
let Λ denote as usual the 2-dimensional regular local ring equal to the completed group algebra
Zp[[Γ]]. The ring Λ is endowed with a GQ-action through the surjection of GQ onto Γ followed
by the inclusion of Γ in Λ×. The cyclotomic deformation (T ⊗Λ, ρΛ,Λ) is the GQ-representation
T ⊗Zp Λ with GQ-action on both sides of the tensor product. Likewise, let Λ be the completed
group-algebra Zp[[Gal(Q(ζp∞)/Q)]] and let T ⊗Λ be the GQ-representation with action on both
sides of the tensor product. Assuming the truth of conjectures 2.3 for M and Q(ζpn)/Q for
all n ≥ 0 yields an element zΛ,S(M/Q) which is a basis of Det
−1
Λ
RΓet(Z[1/p], T ⊗Zp Λ) ⊗Λ
Det−1
Λ
(T ⊗Zp Λ)
+ and such that
zΛ,S(M/Q)⊗ 1 = zK,S(M/Q) (2.1.6)
through the canonical isomorphism between(
Det−1
Λ
RΓet(Z[1/p], T ⊗Zp Λ)⊗Λ Det
−1
Λ
(T ⊗Zp Λ)
+
)
⊗Λ Zp[G]
and
Det−1
Zp[G]
RΓet(Z[1/p], T ⊗Zp Zp[G]) ⊗Zp[G] Det
−1
Zp[G]
(T ⊗Zp Zp[G])
+
for all finite sub-extension Q ⊂ K ⊂ Q(ζp∞) with Galois group G. Hence, a statement analogous
to (2.1.5) holds for the pair of motivic zeta elements zΛ,S(M/Q) and zK,S(M/Q) with coefficients
in Λ and Zp[G] respectively.
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2.1.4 Compatibility with change of coefficients
The compatibility of conjecture 2.2 (or for that matter of conjecture 2.3) with change of ring of
coefficients in the sense of equations (2.1.5) and (2.1.6) for arbitrary pairs of rings is much harder
to even formulate. A tentative statement for complete local noetherian rings with residual field
of characteristic p would be as follows.
Suppose that F is a smooth étale sheaf (or even a perfect complex of smooth étale sheaves) of
Λ-modules on SpecZ[1/p] (here Λ is again as in section 2.1.2 a complete local noetherian ring).
Suppose that for some x ∈ Hom(Λ, Q¯p), the base-changed sheaf Fx = F ⊗Λ,x Q¯p arises as the
GQ-representation attached to a pure motive Mx. We would then define the fundamental line of
F as
∆Λ(SpecZ[1/S],F ) = Det
−1
Λ RΓet(Z[1/S],F )⊗Λ Det
−1
Λ F
+
and conjecture the existence of a basis zΛ(SpecZ[1/S],F ) of ∆Λ(SpecZ[1/S],F ) which satisfies
the following properties.
1. If f is the structural morphism SpecOK [1/S] −→ SpecZ[1/S] for K a finite abelian ex-
tension of Q, then
zΛ(SpecOK [1/S],F ) = zΛ(SpecZ[1/S], Rf∗F ) (2.1.7)
in
∆Λ(SpecOK [1/S],F ) = Det
−1
Λ (SpecZ[1/S], Rf∗F ).
2. If π : Λ −→ Λ′ is a local morphism of completed local noetherian rings as above, the pair
zΛ(SpecZ[1/S],F ) ∈ ∆Λ(SpecZ[1/S],F ) is compatible with derived change of rings of
coefficients in the sense that
zΛ(SpecZ[1/S],F )⊗ 1 = zΛ′ (SpecZ[1/S],F
L
⊗ Λ′) (2.1.8)
in
∆Λ ⊗Λ Λ
′ can≃ ∆Λ′ (SpecZ[1/S],F
L
⊗Λ Λ
′).
3. The zeta element zZp(SpecZ[1/S],Fx) coincides with the zeta element zS(Mx/Q)⊗ 1.
This formulation is the one chosen in [Kat93b].
Though it has the merit of finally putting conjectures for motives on number fields on an
equal footing with schemes over finite fields,1 there are reasons to believe it is not completely
satisfying. To start with, actually existing p-adic families of motives are rarely known to satisfy
the very first hypotheses required to formulate the conjecture: outside the case of families of
twists by Zp-extensions (which strictly speaking reflect the compatibility (2.1.7) rather than the
compatibility (2.1.8)), it seems that no p-adic families of motives are known to yield smooth
étale sheaves over SpecZ[1/p]. As can be seen already for the étale cohomology of modular
curves, the problem is that there seems to be no reason for the Iℓ-invariants of F to form a
perfect complex of étale sheaves on SpecZℓ at places of ramification when the ring of coefficients
is sufficiently general, and in particular when it is taken to be the Hecke algebra. Besides, and
more worryingly, there are reasons to believe that the conjecture outlined above is actually not
quite correct; a point to which we return in sub-section 3 below.
2.2 Congruences between motives
As the formalism of perfect complexes of étale sheaves on SpecZ[1/p] is not known to apply to
actually existing p-adic family of motives, we introduce in this sub-section a general framework
in which to carry the study of congruences between special values of L-functions of motives and
the compatibility of the TNC with base change of ring of coefficients.
1And, more trivially, though [Kat93b, Conjecture 3.2.2] has been the single most influential mathematical
statement on the thought process of the first named author.
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2.2.1 Determinants
We recall from [Che14] that an n-dimensional A-valued determinant on an A-algebra R is a
multiplicative A-polynomial law
D : R −→ A
homogeneous of degree n (see [Che14, Section 1.5]). An A-valued determinant on A[G] is also
called an A-valued determinant on G. Because an A-valued determinant on R is extended in an
obvious way in an A[X ]-valued determinant on R[X ], we do not distinguish between these two
notions. When there exists an A-valued determinant on a group G, the characteristic polynomial
χ(D, g) ∈ A[X ] of an element g ∈ G is defined to be D(1 − Xg). Determinants, and hence
characteristic polynomials, are compatible with base change of ring of coefficients.
Let M be a rational motive as in the previous sub-section. By compactness, (Met,p, ρ,Qp)
admits a free Zp-lattice stable under the action of GQ. The map
D : Zp[GQ] −→ Zp
sending g ∈ GQ to det ρ(g) is a determinant which we call the determinant attached to M or
to Met,p. Composing D with reduction modulo p and injection into F¯p yields an n-dimensional
determinant
D¯ : F¯p[GQ] −→ F¯p
and hence, by [Che14, Theorem 2.12], a semi-simple n-dimensional residual representation
ρ¯ : GQ −→ AutF¯p(M¯et,p)
unique up to isomorphism which we call the residual representation attached to M (or Met,p).
Two motives M1 and M2 are said to be congruent modulo p if their residual representations are
isomorphic.
More generally, let R be a complete local noetherian ring with maximal ideal m and finite
residual field k = R/m of characteristic p. Let Σ be a finite set of finite primes containing p. Let
D : R[GQ,Σ] −→ R
be a degree n determinant. A specialization of R is a morphism ψ : R −→ S of local Zp-algebras.
If ψ : R −→ S is a specialization of R, we denote by Dψ the determinant ψ ◦D and call it the
specialization of D at ψ. If ψ has values in an algebraically closed field K¯, then there exists an
n-dimensional semi-simple GQ-representation ρψ such that Dψ = ψ◦D. The GQ,Σ-representation
ρ¯ attached in this way to the ring morphism
R −→ k →֒ k¯
is called the residual representation attached to D. Assume there exists a set of ring morphisms
Homcl(R, Q¯p) such that for all ψ ∈ Hom
cl(R, Q¯p), the GQ-representation (Mψ, ρψ, Q¯p) is the
GQ-representation attached to the p-adic étale realization of a pure motive Mψ. We then call
the set
F = {Mψ|ψ ∈ Hom(R, Q¯p)}
the p-adic family of GQ-representations parametrized by SpecR or with coefficients in R attached
to D. Though we typically have in mind the case of a ring R of large Krull dimension, we note
that a single p-adic GQ-representation is a family in this sense. In a slight abuse of terminology,
we say that a motive M belongs to the family F if its p-adic étale realization (base-changed to
Q¯p) belongs to F and consequently sometimes refer to F as a p-adic family of motives (this
is reasonably harmless when Homcl(R, Q¯p) is Zariski dense in Hom(R, Q¯p) but is potentially
misleading otherwise).
If ψ : R −→ S is a specialization of R (not necessarily attached to a motive Mψ), we denote
by Fψ the p-adic family attached to the determinant Dψ.
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If two motives M1 and M2 belong to the same p-adic family F with coefficients in R and
attached to D, the determinants D1 and D2 attached to them are specializations of D and so
their residual representations are identical up to isomorphism. Thus, M1 and M2 are congruent
modulo p. Conversely, suppose M1 and M2 are congruent modulo p. There then exist a finite
extension k of Fp, a finite set of primes Σ containing p and a determinant
D¯ : GQ,Σ −→ k
such that the determinant of the residual representations attached to M1 and M2 are both equal
to D¯. By [Che14, Proposition 3.3], the functor sending a profinite local W (k)-algebra to the
set of W (k)-valued determinants on GQ,S deforming D¯ is then pro-representable. In particular,
there exists a complete local noetherian W (k)-algebra R and a determinant
D : R[GQ,Σ] −→ R
such that D1 and D2 are specializations of D. SoM1 andM2 belong to the same p-adic family F .
Hence, belonging to a p-adic family or being congruent are equivalent notions and we henceforth
use freely one for the other.
More generally still, we might consider higher congruences between motives. Two rational
motives M1 and M2 are congruent modulo p
n if they belong to a common family parametrized
by R with maximal ideal m and if in addition their determinants D1 and D2 induce the same
determinant
D : Z/pnZ[GQ] −→ Z/p
nZ.
This notion is extended in the obvious way to the case of motives congruent modulo mn.
2.2.2 Algebraic local Euler factors for families
Let S be a finite set of rational primes and let R be a complete local noetherian domain with
fraction field K. Let F be a p-adic family parametrized by R attached to a determinant D
of degree n on GQ,S as in the previous sub-section. There exists a unique semi-simple GQ,S-
representation (V , ρ, K¯) such that D is equal to det ◦ρ. Let ℓ 6= p be a finite prime. We denote
by DIℓ the determinant on GQℓ/Iℓ with values a priori in the normalization R of R equal to the
determinant of ρ|GQℓ restricted to V
Iℓ and we denote by F Iℓ the corresponding p-adic family.
The assumption that R is a domain can be relaxed in a variety of situation. We state the
following strengthening as it is most useful to us. Let R be a complete local reduced noetherian
ring with algebraically closed residue field. Assume that the residual representation ρ¯ attached to
D is absolutely irreducible. Then there exists by [Che14, Theorem 2.22] a GQ,S-representation
(T , ρ, R) such that D = det ◦ρ and, as in the previous paragraph, we define DIℓ to be the
R-valued determinant on GQℓ/Iℓ restricted to T
Iℓ .
In both cases, we say that F is unramified at ℓ if DIℓ is of degree n. We note the obvious
but important fact that if ψ is a specialization of R with values in a field F , then ψ ◦DIℓ has
no reason to be equal to (ψ ◦D)Iℓ .
Definition 2.4. The algebraic local polynomial determinant at ℓ is the projective (hence free)
R[X ]-module
Lℓ(F , X) = DetR[X]
[
R[X ]
χ(DIℓ ,Fr(ℓ))
−→ R[X ]
]
where the two R[X ] are placed in degree 0 and 1 respectively. The algebraic local determinant at
ℓ is the base-change
Lℓ(F ) = Lℓ(F , X)⊗R[X],π R.
under the quotient map
π : R[X ] −→ R[X ]/(X − 1).
The algebraic local Euler factor Eulℓ(F , X) ∈ R[X ] at ℓ is χ(D
Iℓ ,Fr(ℓ)).
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The constant coefficient of a characteristic polynomial is equal to 1 so χ(Fr(ℓ)) is a regular
element of R[X ] and so the complex[
R[X ]
χ(DIℓ ,Fr(ℓ))
−→ R[X ]
]
is acyclic after tensor with the total ring of fractions Q(R[X ]) of R[X ]. The algebraic local
Euler factor Eulℓ(F , X) is thus also the monic generator of the ideal equal to the image of the
algebraic local determinant
DetR[X]
[
R[X ]
χ(DIℓ ,Fr(ℓ))
−→ R[X ]
]
through the map
DetR[X]
[
R[X ]
χ(DIℓ ,Fr(ℓ))
−→ R[X ]
]
→֒ DetQ(R[X])
[
Q(R[X ])
χ(DIℓ ,Fr(ℓ))
−→ Q(R[X ])
]
can
≃ DetQ(R[X])(0)
can
≃ Q(R[X ])
where the last canonical isomorphism is the canonical isomorphism required in the definition of
the determinant functor.
Lemma 2.5. Assume that there exists a GQℓ-representation (T , ρ,R) such that D
Iℓ = det ◦ρIℓ
and that T Iℓ is an R-module of finite projective dimension. Then there is a canonical isomor-
phism
Lℓ(F )
can
≃ DetRRΓ(GQℓ/Iℓ, T
Iℓ)
Proof. The complex RΓ(GQℓ/Iℓ, T
Iℓ) is represented by the complex
[T Iℓ
1−Fr(ℓ)
−→ T Iℓ ]
in degree 0 and 1. Writing a projective resolution of T Iℓ yields the result.
By lemma 2.5, the algebraic local determinant is a generalization to the determinant of the
complex of local cochains unramified at ℓ.
Theorem 2.6. Let F be a p-adic family parametrized by a complete local domain R with nor-
malization R. Suppose the set of pure specializations of F is not empty and let ψ be a pure
specialization. Let φ : R −→ S be a ring morphism with value in a normal domain S such that
kerφ ⊂ kerψ and denote by Fφ the p-adic family attached to Dφ. Then there exists a canonical
isomorphism
Lℓ(Fφ, X)
can
≃ Lℓ(F , X)⊗R,φ S
and thus
Eulℓ(Fφ, X) = φ (Eulℓ(F , X)) .
Equivalently, algebraic local Euler factors are compatible with pure specializations.
This is the main result of [Sah14, Chapter I]. We outline the proof.
Proof. Let F be the fraction field of S. The representations
ρ : GQℓ −→ GLn(K¯), ρφ : GQℓ −→ GLn(F¯ )
and
ρψ : GQℓ −→ GLn(Q¯p)
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satisfy the hypotheses of Grothendieck’s monodromy theorem. Thus, for instance, ρ is unipotent
after restriction to an open subgroup U of Iℓ with finite index and there exists a monodromy
matrix N such that for all τ ∈ U , ρ(τ) = exp(t(τ)N) and verifying
ρ(σ)N = ℓ−1Nρ(σ) (2.2.1)
if σ is a lift of the Frobenius morphism. Here t denotes the map from Iℓ to its tame quotient
and then to Zp (strictly speaking, it depends on a choice of compatible system of primitive roots
of unity). Similar statements are also true of ρφ and ρψ and we denote by Nφ and Nψ their
monodromy matrices.
The maximal possible rank r of the monodromy matrix N can be read off the powers of ℓ
appearing in the quotients of the eigenvalues of a lift σ of the Frobenius morphism thanks to the
relation (2.2.1). Combining this with [BC09, Proposition 7.8.19] shows the inequality
rankQ¯p Nψ ≤ rankF¯ Nφ ≤ rankK¯N ≤ r. (2.2.2)
As ψ is a Zp-algebra morphism, any power of ℓ appearing in the quotients of the eigenvalues of
ρ(σ) also appears in the quotients of the eigenvalues of ρψ(σ). In [Sah14, Section 1.3], it is shown
that this implies that the weight filtration of ρψ has enough non-trivial graded pieces. Because
ρψ is a pure representation, its monodromy filtration has the same non-trivial graded pieces. As
in [Sah14, Proposition 1.3.4], this implies that Nψ has at least rank r and hence that all the
inequalities in (2.2.2) are equalities.
In particular, the dimension of the Iℓ-invariants of ρ, ρφ and ρψ (over K¯, F¯ and Q¯p respec-
tively) are equal and the base change properties of determinant implies that there is canonical
isomorphism
Lℓ(Fφ, X)
can
≃ Lℓ(F , X)⊗R,φ F
and thus that
Eulℓ(Fφ, X) = φ (Eulℓ(F , X)) .
We note that the results of [Sah14] are in fact a good deal stronger, as they show that the full
structure of Weil-Deligne representations is preserved through pure specializations.
2.2.3 Algebraic p-adic L-functions for p-adic families
Equipped with theorem 2.6, it is tempting to simply define the algebraic p-adic determinant
of a family F as the tensor product at all primes ℓ 6= p of the inverse of the algebraic local
determinants and the algebraic p-adic L-function as the product of the inverse of local algebraic
Euler factors just as the complex L-function is the product of local Euler factors. Though this
entails a tensor product over an infinite number of primes and so could not possibly literally
work, it almost does.
Let F be a p-adic family parametrized by a complete local reduced noetherian ring R and
attached to D. Assume that F is unramified outside a finite set Σ of finite primes. Henceforth,
we also make the following assumption
Assumption 2.7. Assume that the residual representation of F is absolutely irreducible.
Hence there exists a GQ,Σ-representation (T , ρ, R) such that D = det ◦ρ.
Definition 2.8. Let F be a p-adic family satisfying assumption 2.7 parametrized by a complete
local reduced noetherian ring R with normalization R. Let S ⊂ Σ be a finite set of rational
primes containing p. The S-partial algebraic p-adic determinant of F is the free R-module of
rank 1
LS,Σ(F ) = Det
−1
R RΓc(Z[1/Σ], T ⊗R)⊗R
⊗
ℓ∈Σ\S
L
−1
ℓ (F ).
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The S-partial algebraic p-adic L-function depends in full generality on both the choices of Σ
and S. We record the following lemma which guarantees the independence on Σ of L{p},Σ and
justifies our omission of Σ when referring to L{p},Σ(F ).
Lemma 2.9. Let F be a p-adic family as in definition 2.8. Assume that F is unramified outside
a finite set Σ0 of finite primes containing p. Then L{p}(F ) does not depend on the choice of
Σ ⊃ Σ0 in the sense that there exists a canonical isomorphism between
L{p},Σ(F ) = Det
−1
R RΓc(Z[1/Σ], T ⊗R)⊗R
⊗
ℓ∈Σ\{p}
L
−1
ℓ (F )
and
L{p},Σ′(F ) = Det
−1
R RΓc(Z[1/Σ
′], T ⊗R)⊗R
⊗
ℓ∈Σ′\{p}
L
−1
ℓ (F )
for all Σ,Σ′ containing Σ0.
Proof. Without loss of generality, we can assume that Σ ⊂ Σ′. There is a canonical isomorphism
between Det−1R RΓc(Z[1/Σ], T ⊗R) and⊗
ℓ∈Σ\{p}
DetRRΓ(GQℓ , T ⊗R)⊗R Det
−1
R RΓ(GQ,Σ, T ⊗R).
Because a cochain unramified outside Σ is a cochain unramified outside Σ′ which is further
unramified at the places in Σ′\Σ and because T ⊗ R is unramified at ℓ ∈ Σ′\Σ, this latter
projective module is canonically isomorphic to
⊗
ℓ∈Σ′\{p}
DetRRΓ(GQℓ , T ⊗R)⊗R Det
−1
R RΓ(GQ,Σ′ , T ⊗R)
⊗
ℓ∈Σ′\Σ
Det−1R RΓ(GQℓ , T ⊗R).
and thus to
Det−1R RΓc(Z[1/Σ
′], T ⊗ R)⊗
⊗
ℓ∈Σ′\Σ
Det−1R RΓ(GQℓ , T ⊗R).
To prove the lemma, it is consequently enough to show that Lℓ(F ) is canonically isomorphic to
DetRRΓ(GQℓ , T ⊗R) when ℓ belongs to Σ
′\Σ. Since T ⊗R is unramified at such ℓ, the module
(T ⊗R)Iℓ has finite projective dimension over R and the last statement is then true by lemma
2.5.
By construction, algebraic p-adic determinants with coefficients in normal domains commute
with pure specializations in the sense of the following proposition.
Proposition 2.10. Let F be a p-adic family as in definition 2.8 parametrized by a complete
local normal noetherian domain R. Let λ : R −→ S be a Zp-algebra morphisms with values in
a normal domain S such that kerλ is included in the kernel of a motivic specialization. There
then exists a canonical isomorphism
LS(F )⊗R,λ S
can
≃ LS(Fλ).
Proof. Compactly supported étale cohomology complexes commute with base-change of ring of
coefficients so
RΓc(Z[1/Σ], T )
L
⊗R,λ S = RΓc(Z[1/Σ], T ⊗R,λ S).
It is thus enough to show that Lℓ(F )⊗R,λ S is canonically isomorphic to Lℓ(Fλ) for all ℓ ∈ Σ
different from p. As kerλ is included in the kernel of a motivic specialization and as motivic
specializations are pure in the sense of assumption 2.1 at all primes ℓ by assumption, this last
statement is implied by theorem 2.6.
14
Cyclotomic deformations In this paragraph, we justify definition 2.8 by computing LS(F )
in the simplest non-trivial example of a p-adic family: the p-adic family of cyclotomic twists of
a motivic GQ-representation. Let (T, ρ,Zp) be a GQ-representation appearing as a Zp-lattice in
the p-adic étale realization of a pure motive over Q. Recall from subsection 2.1.3 that Λ is the
completed group algebra Zp[[Gal(Q∞/Q)]]. The cyclotomic deformation (T⊗Λ, ρΛ,Λ) is the GQ-
representation T ⊗Zp Λ with GQ-action on both sides of the tensor product. It may arise in two
not completely formally equivalent ways: first, as limit of compatible ETNC over finite abelian
p-extensions; second, as the p-adic family constructing by taking the universal deformation of the
determinant of T (the equivalence following easily by class field theory). Because Λ is a regular
local ring, the Auslander-Buchsbaum and Serre’s theorem guarantees that all bounded complexes
of Λ-modules are perfect and so the determinants of all bounded complexes appearing below are
well-defined. Similarly, Λ is normal so that local algebraic Euler factors and determinants have
coefficients in Λ.
By Shapiro’s lemma, the étale cohomology complex RΓet(Z[1/S], T ⊗ Λ) is also equal to the
inverse limit
lim
←−
n
RΓet(On[1/S], T )
and to the inverse limit
lim←−
n
eRΓet(Z[ζpn , 1/S], T )
where e is the projection from Gal(Q(ζp∞)/Q) ≃ Γ × (Z/(p − 1)Z) onto Γ which is trivial on
Z/(p− 1)Z.
Let Σ be a finite set of primes containing p and the primes of ramification of T . For ℓ 6= p,
the GQℓ -representation Λ is unramified and so there are canonical isomorphisms
Lℓ(T ⊗ Λ)
can
≃ DetΛ RΓ(GQℓ/Iℓ, (T ⊗ Λ)
Iℓ)
can
≃ DetΛRΓ(GQℓ/Iℓ, T
Iℓ ⊗ Λ)
by lemma 2.5. These isomorphisms induce together a canonical isomorphism
L{p}(T ⊗ Λ)
can
≃ Det−1Λ RΓet(Z[1/p], T ⊗ Λ).
The algebraic p-adic determinant of T ⊗ Λ is thus canonically isomorphic to the inverse of the
determinant of the Nekovář-Selmer complex of T ⊗ Λ.
In order to relate this determinant to a genuine element of Λ, we assume further for simplic-
ity that the residual representation ρ¯ of T is absolutely irreducible. Then H0et(Z[1/p], T ⊗ Λ)
vanishes and so does H3et(Z[1/p], T ⊗ Λ) by Artin-Verdier duality (reducing here to Poitou-Tate
duality). The spectral sequence attached to the functors Γ(Z[1/p],−) and − ⊗Λ Λ/x shows
that H1et(Z[1/p], T ⊗ Λ) is a Λ-module of depth 2, and hence a free module by the Auslander-
Buchsbaum formula. Assume further that the weak Leopoldt’s conjecture of [PR95, Conjecture
Section 1.3] is true for T , that is to say that H2(Z[1/p], T ⊗ Λ) is a torsion Λ-module. The
injection
Det−1Λ RΓet(Z[1/p], T ⊗ Λ) →֒ Det
−1
FracΛ RΓet(Z[1/p], T ⊗ Frac(Λ))
followed by the canonical isomorphisms
Det−1Frac ΛRΓet(Z[1/p], T ⊗ Frac(Λ))
can
≃ Det−1Frac(Λ)(0)
can
≃ Frac(Λ)
induced by acyclicity of RΓet(Z[1/p], T ⊗ Frac(Λ)) and the functorial properties of the determi-
nant functor then sends Det−1Λ RΓet(Z[1/p], T ⊗ Λ) to the free Λ-module
DetΛH
1
et(Z[1/p], T ⊗ Λ)
DetΛH2et(Z[1/p], T ⊗ Λ)
= DetΛH
1
et(Z[1/p], T ⊗ Λ) charΛH
2
et(Z[1/p], T ⊗ Λ)
in Frac(Λ) (the last equality by localizing at all grade 1 primes of Λ and by the structure theorem
for modules over discrete valuation rings). Choose a basis of the free Λ-moduleH1et(Z[1/p], T⊗Λ).
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This choice yields a trivialization of DetΛH
1
et(Z[1/p], T ⊗Λ) which, when composed with all the
maps above, sends L{p}(T ⊗Λ) to charΛH2et(Z[1/p], T ⊗Λ) and so to the characteristic ideal of
the Selmer group appearing as algebraic p-adic L-function in Kato’s formulation of the Iwasawa
Main Conjecture for motives.
Note further that the chosen basis ofH1et(Z[1/p], T⊗Λ) produces a basis ofH
1
et(Z[1/p], T⊗Λ/x)
for all x such that H2et(Z[1/p], T ⊗ Λ)[x] = 0 via the short exact sequence
0 −→ H1et(Z[1/p], T ⊗ Λ)/x −→ H
1
et(Z[1/p], T ⊗ Λ/x) −→ H
2
et(Z[1/p], T ⊗ Λ)[x] −→ 0.
At least for these x then, so for all x except possibly finitely many and conjecturally for all x such
that the L-function of T ⊗Λ/x does not vanish at zero, the choice of a basis of H1et(Z[1/p], T ⊗Λ)
yields a coherent choice of trivialization of DetΛ/xH
1
et(Z[1/p], T ⊗ Λ/x).
General expectation Based on the example of cyclotomic deformations and taking into ac-
count the base-change properties of algebraic determinants at motivic points, we record here the
guiding (but at present necessarily vague) principle underlying this manuscript.
Principle 2.11. The data of the algebraic special values of a p-adic family of motives is equivalent
to the data of the algebraic p-adic determinant L (F ) of F plus a choice of a compatible system
of trivializations.
In the case of cyclotomic deformation, this choice of a compatible system of trivializations can
be somewhat artificially made using the peculiar commutative algebra properties of Λ as above,
but it might be difficult to define for general motives. For p-adic families of automorphic motives,
however, there is a reasonable conjectural choice that we describe below: the trivialization coming
from the choice of a morphism from the completed cohomology of [Eme06] to étale cohomology.
2.2.4 Algebraic determinants of automorphic families and the Local Langlands Cor-
respondence
Until now, we have worked with abstract p-adic families. This has had the unfortunate con-
sequence to require a potential base change of rings of coefficients to the normalization of the
coefficient ring R in the very definition of the algebraic determinants. In actual known cases,
however, the construction of the family F proceeds either through twists in Zdp-extension (plus
possibly twists by a finite group), in which case the construction proceeds as an inverse limit
of maps SpecOK [1/p] −→ SpecZ[1/p] and everything is well-defined without passing to the
normalization by proper base change, or through p-adic interpolation of automorphic represen-
tations so that the determinant DIℓ recovers the local automorphic Euler factor in a dense set
of points and thus has values in R itself. We record these facts as a theorem.
Let Σ be a finite set of finite places containing p. Let G be a reductive group over Q and let
KΣ be a compact open subgroup of G(A
(p∞)
Q ) which is maximal hyperspecial for ℓ /∈ Σ. The
abstract p-adic Hecke algebra
TΣ = Zp[KΣ\G(A
(p∞)
Q )/KΣ]
is the algebra of left and right KΣ-invariant compactly supported functions on G(A
(p∞)
Q ).
Theorem 2.12. Let RΣ be a local factor of the reduced p-adic Hecke algebra generated by op-
erators outside Σ or a quotient thereof by a minimal prime ideal. Let F be a p-adic fam-
ily parametrized by RΣ as in definition 2.8 (in particular the residual representation of F
is absolutely irreducible). Assume that there exists a Zariski-dense subset Homcl(RΣ, Q¯p) of
Hom(RΣ, Q¯p) such that for all ψ ∈ Hom
cl(R, Q¯p), Fψ is a pure GQ,Σ-representation attached to
an automorphic representation π(ψ) of G(A
(p∞)
Q ) satisfying Langlands local-global compatibility
conjecture.
Then, for all ℓ 6= p, Lℓ(F , X) is a well-defined invertible RΣ[X ]-module, Eulℓ(F , X) is a
well-defined element of RΣ[X ] and LS(F ) is a well-defined invertible RΣ-module. Theorem 2.6,
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proposition 2.10 and lemmas 2.5 and 2.9 remain true with the normal ring R replaced by the
ring RΣ and all other hypotheses unchanged (most especially, theorem 2.6 and proposition 2.10
are conditional on RΣ being a domain).
Proof. Once it is shown that DIℓ has values in RΣ, all the other assertions follow with the same
proof. Let ψ be a specialization in Homcl(RΣ, Q¯p). Then the determinant (D
Iℓ)ψ is equal to D
Iℓ
ψ
by theorem 2.6. By the assumptions that Dψ comes from an automorphic representation π(ψ)
satisfying the local-global compatibility so DIℓψ (1−X Fr(ℓ)) is the automorphic L-factor of π(ψ)
and thus has values in the abstract Hecke algebra (acting on the space of automorphic forms of
same level as π(ψ)).
The result then follows from the general fact that collection of determinants
{Dψ : GQ,Σ −→ Q¯p|ψ ∈ Hom
cl(RΣ, Q¯p)}
on a Zariski-dense subset Z = Homcl(RΣ, Q¯p) of Hom(RΣ, Q¯p) can be interpolated uniquely to
a determinant on the whole space. This is is presumably well-known but as we don’t know a
reference, we give a proof paraphrasing the parallel result for pseudo-characters in [Che04]. The
ring morphism
φ : RΣ −→
∏
ψ∈Z
Q¯p
sending x to (ψ(x))ψ is injective with closed image and induces an homeomorphism from RΣ to
its image. The map
π : GQ,Σ −→
∏
ψ∈Z
Q¯p
g 7−→
∏
ψ∈Z
Dψ(g) =
∏
ψ∈Z
det ◦ρψ(g)
is a determinant with values in the image of φ. The determinant
D : RΣ[GQ,Σ] −→ RΣ
is then the composition φ−1 ◦ π and is the unique continuous map coinciding with Dψ on ψ ∈ Z.
Applying this general construction to the collection of the DIℓψ shows that D
Iℓ has values in
RΣ.
As an application, we can construct an algebraic p-adic determinant for ordinary families of
automorphic representations of definite unitary groups.
Theorem 2.13. Let G be a definite unitary groups over an imaginary quadratic extension of
Q. Let RΣ be a local factor of the nearly-ordinary reduced Hecke algebra generated by operators
outside Σ attached to a residually absolutely irreducible representation. Let a be a minimal prime
of RΣ. Then there exists a p-adic family F of GQ,Σ-representations with coefficients in RΣ/a
and an algebraic determinant LΣ(F ) satisfying the interpolation property
L{p}(F )⊗RΣ/a,ψ O
can
≃ L{p}(F ⊗RΣ/a,ψ O)
for all ψ attached to classical automorphic representations of G(A
(∞)
Q ).
We refer to [Sah14, Chapter 4] and especially Theorem 4.3.6 therein for precise statements
and proof.
Because this is our case of interest and because we don’t know any situation where this
hypothesis is not satisfied, we henceforth make without further comment the hypothesis that
the determinant DIℓ has values in R itself instead of its normalization and therefore that the
algebraic p-adic determinant is an R-module.
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Determinants without representations We also record here the following interesting ques-
tion. The L-function of a motive is defined independently of the choice of a lattice in Met,p
and indeed it is a major feature of conjectures 2.2 and 2.3 that they are independent of such
a choice. Is it possible to define the algebraic p-adic determinant of a determinant D (com-
ing from p-adic interpolation of automorphic representations) without assumption 2.7? More
precisely, is it possible to attach to a determinant D with values in R a functor FD from the
category of noetherian Zp-algebra with residue field equal to R/m to the category of sets send-
ing a ring S to the singleton formed of a graded invertible S-module with the property that
FD(S) = DetRRΓc(Z[1/Σ], T ) whenever there exists a GQ,Σ-representation (T, ρ, S) such that
D ⊗R S = det ◦ρ and satisfying the usual compatibility properties of the determinant functor?
A positive answer to this question would allow the construction of algebraic p-adic determinants
attached to p-adic families of automorphic motives.
2.3 Mazur’s question
2.3.1 A local obstruction
The very construction of the algebraic p-adic determinant of a p-adic family of motives F provides
an immediate local obstruction for two congruent motives to have the same algebraic determinant
modulo p and thus for Mazur’s question to admit a positive answer in its most literal form.
Indeed, let ψ and φ be two motivic specializations which we view as both having values in a
sufficiently large discrete valuation ring O flat over Zp. We fix a finite set Σ such that Mψ and
Mφ are unramified outside Σ. Let ̟ be a uniformizing parameter of O and let k be the residual
field O/̟. In order to compare the algebraic p-adic determinants L{p}(Fψ) and L{p}(Fφ)
modulo ̟, we first note that
L{p}(Fψ)⊗ ⊗
ℓ∈Σ\{p}
Lℓ(Fψ)

⊗O k = Det−1k RΓc(Z[1/Σ], Tψ)⊗O k
= Det−1k RΓc(Z[1/Σ], Tψ ⊗O k)
can
≃ Det−1k RΓc(Z[1/Σ], Tφ ⊗O k)
=

L{p}(Fφ)⊗ ⊗
ℓ∈Σ\{p}
Lℓ(Fφ)

⊗O k.
Hence, we see that thanks to the base-change property of the compactly supported étale coho-
mology complex, there is a canonical isomorphism between the algebraic determinants of Tψ and
Tφ modulo ̟ with Euler factors at primes of ramification removed.
L{p}(Fψ)⊗ ⊗
ℓ∈Σ\{p}
Lℓ(Fψ)

 ⊗O k can≃

L{p}(Fφ)⊗ ⊗
ℓ∈Σ\{p}
Lℓ(Fφ)

⊗O k (2.3.1)
As we have recorded under the form of principle 2.11, algebraic special values of motives
correspond to algebraic determinants plus choices of trivializations so if the algebraic special
values of Mψ and Mψ are congruent, we may assume that they are given by two trivializations
trivψ and trivφ of L{p}(Fψ) and L{p}(Fφ) respectively coming from a common trivialization
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triv of L{p}(F ) in the sense that the diagram
L{p}(Fψ)
trivψ
// O
mod̟

❁❁
❁❁
❁❁
❁❁
L{p}(F )
−⊗R,ψO
88qqqqqqqqqq
−⊗R,φO
&&▼
▼▼
▼▼
▼▼
▼▼
▼
triv // R
ψ
;;✈✈✈✈✈✈✈✈✈✈✈
φ
##❍
❍❍
❍❍
❍❍
❍❍
❍❍
modm // k
L{p}(Fφ) trivφ
// O
mod̟
AA✂✂✂✂✂✂✂✂
(2.3.2)
commutes. This implies in particular that trivψ(L{p}(Fψ)) and trivφ(L{p}(Fφ)) are both units
or both non-units in O (note that for this particular consequence to be true, it is not necessary
to know that special values can be p-adically interpolated to the whole of F , or more precisely
it is not necessary that there be a trivialization map with values in R; the rightmost part of
diagram (2.3.2) is enough).
Let us assume further for simplicity that all the eigenvalues of all lifts of the Frobenius mor-
phisms at primes in Σ\{p} acting on Mψ and Mφ are different from 1. Under the permanent
assumption 2.1 that motivic Galois representations are pure representations, this can be ensured
for instance by requiring that Mψ and Mφ are of odd weight. Then the maps trivψ and trivφ
can be completed in trivializations triv∗ψ and triv
∗
φ of
L{p}(Fψ)⊗
⊗
ℓ∈Σ\{p}
Lℓ(Fψ) and L{p}(Fφ)⊗
⊗
ℓ∈Σ\{p}
Lℓ(Fφ)
respectively by trivializing Lℓ(Fπ) (for π = ψ or φ) for ℓ ∈ Σ\{p} by taking tensors product
with Frac(O) and noticing that the complex [T Iℓπ
1−Fr(ℓ)
−→ T Iℓπ ]⊗O Frac(O) is acyclic and thus has
determinant canonically isomorphic to Frac(O). If
Lp(Tπ) = trivπ(L{p}(Fπ))
then
triv∗π

L{p}(Fπ)⊗ ⊗
ℓ∈Σ\{p}
Lℓ(Fπ)

 = Lp(Tπ) ∏
ℓ∈Σ\{p}
Eulℓ(Fπ , 1).
This construction is the algebraic equivalent of removing the Euler factors at primes of bad
reduction familiar on the analytic side. The compatibility of the trivializations trivψ and trivπ
expressed in the diagram (2.3.2) and the canonical isomorphism (2.3.1) then implies that
∏
ℓ∈Σ\{p}
Eulℓ(Fψ, 1) ≡
∏
ℓ∈Σ\{p}
Eulℓ(Fφ, 1)mod̟ (2.3.3)
are both units or non-units in O.
However, suppose now that there is a prime ℓ ∈ Σ\{p} such that Eulℓ(Fψ , 1) is a unit in O
but such that Eulℓ(Fφ, 1) is not a unit and that for all other primes in ℓ ∈ Σ\{p}, the Euler
factors of both Fφ and Fψ are units (or, more radically, assume that Σ = {ℓ, p}). In that
case, the right-hand term of (2.3.3) is a non-unit because of the Euler factor at ℓ and thus the
same is true for the left-hand side, though crucially not because of the Euler factor at ℓ. Hence,
Lp(Tψ) = triv(L{p}(Fψ)) has to be a non-unit and so has to be Lp(Tφ) = triv(L{p}(Fφ)) if the
family F admits an algebraic p-adic L-function in the sense of diagram (3.2.1). Conversely, if
Lp(Tφ) is a unit, then the family F cannot admit an algebraic p-adic L-function nor can question
1.2 of the introduction admit a positive answer.
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2.3.2 The positive case
We see that the obstruction of sub-section 2.3.1 may only occur for a p-adic family F attached
to a GQ,Σ-representation (T , ρ, R) when one local algebraic Euler factor of Fψ is a unit but the
same local algebraic Euler factor of Fφ is not a unit. According to theorem 2.6, this can only
happen if R is not a domain.
In the converse direction, we have the following positive result. Assume for simplicity that 1
is an eigenvalue of Fr(ℓ) acting on T for no ℓ ∈ Σ (this is a relatively harmless assumption as
any p-adic family can be twisted with the Iwasawa algebra Λ by deforming the determinant of
T so that with a mild loss of generality, R can be assumed to be a Λ-algebra; in which case F
contains motivic points of arbitrarily large weights whereas monodromy is constant in the family
and so 1 is not an eigenvalue of Fr(ℓ)). Assume also that R is a domain in order to rule out the
obstruction of 2.3.1.
sLet ℓ be a prime in Σ\{p}. Then the complex(
[T Iℓ
1−Fr(ℓ)
−→ T Iℓ ]
)
⊗R Frac(R)
is acyclic so there is a canonical identification
DetFrac(R)
(
[T Iℓ
1−Fr(ℓ)
−→ T Iℓ ]⊗R Frac(R)
)
can
≃ Frac(R)
of its determinant with Frac(R). Inside Frac(R) sits the canonical R-module
DetR(0) ⊂ DetFrac(R)(0)
can
≃ Frac(R)
which we identify with R. This construction yields a trivialization
trivF ,ℓ : Lℓ(F ) →֒ Lℓ(F ) ⊗R Frac(R)
can
≃ Frac(R)
of Lℓ(F ) sending a basis of Lℓ(F ) to Eulℓ(F , 1). Hence, any trivialization
trivc : Det
−1
R RΓc(Z[1/Σ], T ) −→ R
of Det−1R RΓc(Z[1/Σ], T ) can be extended to a trivialization trivF of L (F ) by trivializing each
Lℓ(F ) for ℓ ∈ Σ\{p} by trivF ,ℓ as above. The trivialization trivF of L (F ) commutes with
pure specializations ψ such that 1 is not an eigenvalue of Fr(ℓ) acting on Mψ in the follow-
ing sense. First, for all specializations ψ with values in Oψ, trivc induces a trivialization of
Det−1Oψ RΓc(Z[1/Σ], Tψ) by choosing the bottom arrow such that the diagram
Det−1R RΓc(Z[1/Σ], T )
−⊗ψOψ

trivc // R

Det−1Oψ RΓc(Z[1/Σ], Tψ)
trivc // Oψ
commutes. Moreover, for all ℓ ∈ Σ\{p} and all pure ψ such that 1 is not an eigenvalue of Fr(ℓ)
acting on Mψ, the diagram
Lℓ(F )
−⊗ψOψ

trivF,ℓ
// R

Lℓ(Fψ)
trivFψ,ℓ
// Oψ
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commutes by theorem 2.6. This data yields a commutative diagram
L (F )
−⊗ψOψ

trivF // R

L (Fψ)
trivFψ
// Oψ
which is an algebraic incarnation of the p-adic interpolation of the putative analytic p-adic L-
function of F . This analysis leads to a refinement of principle 2.11.
Principle 2.14. The data of the algebraic special values of a p-adic family of motives F un-
ramified outside a finite set Σ attached to a GQ,Σ-representation T with coefficients in a domain
R is equivalent to the data of the algebraic p-adic determinant L (F ) of F plus a choice of
trivialization of Det−1R RΓc(Z[1/Σ], T ).
This principle admits a more precise statement.
Proposition 2.15. Let F be a p-adic family of motives unramified outside a finite set Σ attached
to a GQ,Σ-representation T with coefficients in RΣ as in the statement of theorem 2.6. Then
the data of an algebraic p-adic L-function with Euler factors at primes in Σ removed and with
coefficients in RΣ is equivalent to the data of a trivialization of Det
−1
RΣ
RΓc(Z[1/Σ], T ). If RΣ is
a domain, the data of a trivialization of Det−1RΣ RΓc(Z[1/Σ], T ) is enough to define an algebraic
p-adic L-function without removing Euler factors outside {p} provided that 1 is not eigenvalue
of Fr(ℓ) acting on T for ℓ ∈ Σ\{p}.
Proof. The hypotheses on RΣ and T guarantee that L (F ) can be defined as an RΣ-module.
The interpolation property with Euler factors removed in general and for the full p-adic algebraic
determinant is then a consequence of theorem 2.6, proposition 2.10 and the discussion above.
2.3.3 An example
That the local obstruction of sub-section 2.3.1 is actually realized has been well-known at least
since [GV00].
An explicit example is given by the pair of eigenforms f1 ∈ S2(Γ0(52)) and f2 ∈ S2(Γ0(364))
whose attached abelian varieties are respectively the elliptic curves
E1 : y
2 = x3 + x− 10, E2 : y
2 = x3 − 584x+ 5444.
The eigenforms f1 and f2 are congruent modulo 5 so the residual 5-adic representations attached
to f1 and f2 are isomorphic. The automorphic GL2(Q5)-representations π(f1) and π(f2) are
both unramified principal series and the Hecke operator at 5 acts on f1 with eigenvalue 2 and
on f2 with eigenvalue −3 so both are 5-ordinary. Let M(fi) = Tp(Ei)(1) denote the 5-adic étale
realization of the motive attached to fi and let ρ¯fi be their (isomorphic) residual representations.
The representations ρ¯fi are absolutely irreducible.
The local automorphic GL2(Q2)-representations π(f1)2 and π(f2)2 are both supercuspidal so
the local Euler factor of M(f1) and M(f2) at the prime 2 are both trivial in Z5. The eigenforms
f1 and f2 have the same eigenvalue −1 under the action of the Hecke operator at the prime 13
and the local automorphic GL2(Q13)-representations π(f1)13 and π(f2)13 are both unramified
Steinberg so both have 1 + 13−1X as local Euler factor. This is a unit in Z5 when evaluated
at X = 13−s for s = 0. Finally, the Euler factor Eul7(M(f1), X) at the prime 7 is equal to
1 + (2 · 7−1)X + (7 · 7−2)X2 because π(f1)7 is an unramified principal series with trace of the
Hecke operator T7 equal to −2 and Eul7(M(f1), 1) is zero modulo 5. On the other hand, π(f1)7
is an unramified Steinberg representation with eigenvalue of T7 equal to 1 and so has local Euler
factor Eul7(M(f2), X) equal to 1− 7
−1X . This is a unit in Z5 when evaluated at X = 1.
It follows from the discussion of sub-section 2.3.1 that the algebraic L-value L{5}(M(f2)) of
the motiveM(f2) has to be a non-unit modulo 5 (as indeed it is). However, the algebraic L-value
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L{5}(M(f1)) of the motive M(f1) at 0 is a unit modulo 5 and Mazur’s question thus admits a
negative answer for this pair of congruent eigenforms.
This result is neither in contradiction with the existence of p-adic L-functions for families of
ordinary (or more generally finite slope) eigenforms nor does it falsify proposition 2.15: the fact
that π(f1)7 is unramified principal series whereas π(f2)7 is unramified Steinberg implies by the
contraposition of theorem 2.6 that no p-adic family of motives parametrized by a domain can
contain bothM(f1) andM(f2). However,M(f1) andM(f2) belong to a common p-adic family of
motives parametrized by the reduced nearly-ordinary Hida-Hecke 5-adic algebra RordΣ generated
by Hecke operators outside Σ = {2, 3, 5, 7, 13} or, more abstractly, by the universal deformation
ring RΣ(ρ¯fi) parametrizing deformations of ρ¯fi unramified outside Σ so the possibility of defining
an algebraic p-adic L-function interpolating LΣ(M(f1)) and LΣ(M(f2)) with Euler factors at
{2, 3, 5, 7, 13} is equivalent to the data of a trivialization of Det−1RΣ RΓc(Z[1/Σ], T ). In that
particular case, and in contrast with the general case even of p-adic families of automorphic
motives, a canonical choice of trivialization is known (and given for instance by Kato’s Euler
system) so that there exists an algebraic p-adic L-function interpolating these special values
(as well as two algebraic p-adic L-functions interpolating the special values L{5}(M(f1)) and
L{5}(M(f2)) on the largest quotient domains of RordΣ containing M(f1) andM(f2) respectively).
3 The ETNC with coefficients in Hecke rings
In this sub-section, we fix a reduced complete local noetherian Hecke algebra RΣ understood
to be the local factor of the p-adic Hecke algebra generated by operators outside the finite set
of finite primes Σ attached to an absolutely irreducible residual GQ-representation. We assume
that there exists a p-adic family F parametrized by RΣ and attached to a determinant D or,
equivalently by assumption 2.7, that there exists a representation
ρ : GQ,Σ −→ AutRΣ(T ) ≃ GLn(RΣ)
such that D = det ◦ρ.
Following principle 2.14 and proposition 2.15, we know that the study of algebraic p-adic L-
functions attached to such an F is equivalent to the study of trivializations of the determinant
Det−1RΣ RΓc(Z[1/Σ], T ).
3.1 The problem with the existing conjecture
In sub-section 2.1.4, a conjecture was outlined for F assuming it gives rise to a smooth étale sheaf
on SpecZ[1/p]. In this sub-section, we show that this outline, which followed the generalized
Iwasawa main conjecture of [Kat93b, Section 3.2], does not yield a correct conjecture even for
modular forms over GL2(Q).
Let f ∈ Sk(Γ1(N)) be an eigencuspform. Assume for simplicity that f has good ordinary
reduction at p and that its residual representation ρ¯f is absolutely irreducible. Let Fp be a finite
extension of Qp containing the eigenvalues of f and let O be its ring of integers. Denote by ΛO
the ring O[[Γ]]. We denote by T (f) the GQ,Σ-representation with coefficients in O attached to
f . Then T (f) is a lattice inside the quotient H1et(X1(N)×Q Q¯, Fp)(f) of H
1
et(X1(N) ×Q Q¯, Fp)
on which T (ℓ) ∈ RΣ acts as aℓ(f). Let us fix a finite set Σ of finite primes containing p and the
primes dividing N and let RΣ be the local factor attached to ρ¯f of the reduced nearly-ordinary
Hida-Hecke algebra generated by Hecke operators outside Σ together with the Hecke operate
Up. We show that the family F of (motives of) p-ordinary eigencuspforms containing f cannot
always satisfy the change of coefficients property of sub-section 2.1.4.
Because our intent is to construct a counter-example, we may further assume that each irre-
ducible component of SpecRΣ is isomorphic to SpecZp[[X1, X2]]. This is a mild assumption as
the quotient RΣ/a of RΣ by one of its minimal prime, which is a finite and free module over
Zp[[X1, X2]] in general, is isomorphic to Zp[[X1, X2]] provided that for each tame level M such
that {ℓ|M} ⊂ Σ and for each cohomological weight k, there is at most one ordinary newform in
22
Sk(Γ1(M)) congruent to f (this is a very common happenstance and is for instance the case for
the Hida family attached to the set {2, 3, 5, 7, 13} containing the forms f1 and f2 of sub-section
2.3.3).
3.1.1 Euler systems and trivializations
We recall that the motive M(f) of f admits a p-adic Euler systems {z(f)L}L indexed by finite
abelian extensions of Q which we view as in [Kat04, Theorem 12.5] as a non-zero morphism
Z(f) : H1et(X1(N)×Q Q¯,O)
+(f) −→ H1et(Z[1/p], T (f)⊗O ΛO).
As we already remarked in 2.2.3, H1et(Z[1/p], T (f)⊗OΛO) is under our hypotheses a ΛO-module
free of rank 1 and H1et(X1(N)×Q Q¯,O)
+ is a free O-module of rank 1. Hence, the image of Z(f)
in H1et(Z[1/p], T (f)⊗O ΛO) is generated by a single element z(f) and
H1et(Z[1/p], T (f)⊗ ΛO)/ΛO · z(f)
is a torsion ΛO-module. In a slight abuse of notation, we keep the symbol Z(f) to denote the
morphism
Z(f) : Λ −→ H1et(Z[1/p], T (f)⊗O ΛO)
1 7−→ z(f)
and its lift to a morphism of complexes
Z(f) : Λ[−1] −→ RΓet(Z[1/p], T ⊗O ΛO).
In agreement with the weak Leopoldt’s conjecture, the cone of the morphism Z(f) is then shown
in [Kat04, Theorem 12.4] to be acyclic after tensor product with Frac(ΛO).
Proposition 3.1. The determinant DetΛO ConeZ(f) is sent to ΛO through the canonical iden-
tification
(DetΛO ConeZ(f))⊗ΛO Frac(ΛO)
can
≃ Frac(ΛO)
if and only if the ETNC for the motive M(f) is true.
Proof. This is a restatement of theorems 12.4, 12.5 and conjecture 12.10 of [Kat04].
Proposition 3.1 can be informally summed up as claiming that if the ETNC is true, then
z(f) is equal to the zeta element zΛ(M(f)). In this opportunity, we remark that not only is the
list of motives of rank greater than 1 for which the ETNC is known very thin, in fact even the
much weaker statement that, if the ETNC is true, then it is true for a specific known system of
motivic elements is known in rank greater than 1 only for Kato’s Euler systems. Equivalently,
Kato’s Euler systems is the only Euler systems for motives of rank greater than 1 for which it
is definitely known that it is the motivic Euler system predicted by the ETNC if the ETNC is
true.
3.1.2 Discrepancy of Euler factors
Let R(a) = RΣ/a be the quotient of RΣ by the unique minimal prime a contained in the kernel of
the specialization of RΣ attached to f . Let F (a) be the p-adic family of motives with coefficients
in R(a) arising from F and let T (a) be the attached GQ,Σ-representation. In view of proposition
3.1, to show that [Kat93b, Conjecture 3.2.2] cannot be correct as stated for motives attached to
eigenforms, it is enough to show that it may happen that no basis zR(a)(SpecZ[1/p],F (a)) of
∆R(a)(SpecZ[1/p],F (a)) = Det
−1
R(a)RΓet(Z[1/p],F (a))⊗R(a) Det
−1
R(a) F (a)
+
satisfies the following three properties (all predicted by [Kat93b, Conjecture 3.2.2]).
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1. Let ψ ∈ Homcl(R(a), Q¯p) with values in a discrete valuation ring S be the specialization
attached to a classical eigencuspform fψ whose motives belong to F (a). Let Fψ be the
p-adic family of motives parametrized by ΛS = S[[Γ]] equal to the cyclotomic deformation
of the GQ,Σ-representation of T (fψ). Then zR(a)(SpecZ[1/p],F (a)) is sent to the basis
zΛS (SpecZ[1/p],Fψ) through the canonical isomorphism
∆R(a)(SpecZ[1/p],F (a))⊗R(a),ψ ΛS
can
≃ ∆ΛS (SpecZ[1/p],Fψ).
2. Let ψ ∈ Homcl(R(a), Q¯p) with values in a discrete valuation ring S be the specialization
attached to a classical eigencuspform fψ whose motives belong to F (a). Let Fψ be the
p-adic family of motives parametrized by ΛS = S[[Γ]] equal to the cyclotomic deformation
of the GQ,Σ-representation of T (fψ). Then zR(a)(SpecZ[1/p],F (a)) is sent to the basis
DetΛS ConeZ(fψ) ⊂ ∆ΛS [1/p](SpecZ[1/p],Fψ)
through the canonical isomorphism
∆R(a)(SpecZ[1/p],F (a))⊗R(a),ψ ΛS [1/p]
can
≃ ∆ΛS [1/p](SpecZ[1/p],Fψ).
3. Let ψ ∈ Hom(R(a), Q¯p) with values in a discrete valuation ring S be a specialization of
R(a). Let Fψ be the étale sheaf parametrized by ΛS = S[[Γ]] equal to the cyclotomic
deformation of the GQ,Σ-representation of T ⊗R(a),ψ S. Then zR(a)(SpecZ[1/p],F (a)) is
sent to a basis of
∆ΛS [1/p](SpecZ[1/p],Fψ)
through the canonical isomorphism
∆R(a)(SpecZ[1/p],F (a))⊗R(a),ψ ΛS [1/p]
can
≃ ∆ΛS [1/p](SpecZ[1/p],Fψ).
In other words, we claim that the p-adic interpolation property at motivic points together with
the truth of the ETNC at these points (properties 1 and 2) may in general contradict the p-adic
interpolation property at all points (property 3). As we of course believe in the truth of the
ETNC for modular forms, we expect that it is property 3 which may fail.
Property 2 above is a statement of p-adic interpolation of the ETNC at motivic points. As
the ETNC with coefficients in the cyclotomic Iwasawa algebra is known to be equivalent to
conjectures in Iwasawa theory of [Gre89, Gre91] for good ordinary modular forms, constructing
a basis of ∆R(a)(SpecZ[1/p],F (a)) satisfying property 2 amounts to constructing such a basis
compatible with these conjectures of Greenberg. The following proposition consequently shows
that the existence of a p-adic L-function defined on SpecR(a) in the sense of [EPW06] is enough
to construct a basis of ∆R(a)(SpecZ[1/p],F (a)) satisfying property 2.
Proposition 3.2. Under our hypotheses on F , there exists a basis of ∆R(a)(SpecZ[1/p],F (a))
satisfying property 2.
Proof. As we have assumed that R(a) is a Gorenstein ring (even a regular one), the p-adic L-
function L(a) ∈ R(a) of [EPW06, Section 3.4], which is defined in loc. cit. under slightly different
hypotheses on the residual representation, exists thanks to [Kit94].
We first consider the Nekovář-Selmer complex RΓf (GQ,Σ, T (a)) which is well-defined as T (a)
is nearly-ordinary. By [Och06, FO12], there is a canonical isomorphism
Det−1R(a)H
2
f (GQ,Σ, T (a))⊗R(a),ψ Λψ
can
≃ Det−1Λψ H
2
f (GQ,Σ, Tψ ⊗Oψ Λψ)
for all specialization ψ attached to a modular form fψ with eigenvalues in Oψ (here Λψ denotes
the ring Oψ[[Γ]]) and the modules H
2
f (GQ,Σ, T (a)) and H
2
f (GQ,Σ, Tψ ⊗Oψ Λψ) are torsion as
R(a)-module and Λψ-module respectively. Hence the trivialization
trivf : Det
−1
R(a)H
2
f (GQ,Σ, T (a)) ⊂ Det
−1
R(a)H
2
f (GQ,Σ, T (a))⊗R(a) Frac(R(a))
can
≃ Frac(R(a))
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of Det−1R(a)H
2
f (GQ,Σ, T (a)) is compatible with classical specializations in the sense that the dia-
gram
Det−1R(a)H
2
f (GQ,Σ, T (a))
//

R(a)

Det−1Λψ H
2
f (GQ,Σ, Tψ ⊗ Λψ)
// Λψ
commutes.
We next construct a trivialization of the determinant
Det−1R(a)RΓf (GQ,Σ, T (a))⊗R(a) Det
−1
R(a) F
+.
To that effect, we choose a basis b1 of the graded invertible module DetR(a)H
1
f (GQ,Σ, T (a)) and
a basis b2 of the graded invertible module Det
−1
R(a) F (a)
+. The map
π : Det−1R(a) F (a)
+ −→ DetR(a)H
1
f (GQ,Σ, T (a))
b2 7−→ L(a) · b1
induces a trivialization of
X = DetR(a)H
1
f (GQ,Σ, T (a))⊗Det
−1
R(a) F (a)
+ →֒ Frac(R(a))
sending a basis of X to L(a). Combined with the trivialization trivf of Det
−1
R(a)H
2
f (GQ,Σ, T (a))
as above yields
triv : Det−1R(a)RΓf (GQ,Σ, T (a))⊗R(a) Det
−1
R(a) F
+ −→ Frac(R(a)).
In fact, under our ongoing hypothesis that R(a) is a regular local ring, we can compute that the
image of a basis of the right-hand side is sent to a basis of the invertible ideal
charR(a)H
2
f (GQ,Σ, T (a))
L(a)
⊂ Frac(R(a)).
The property of H2f (GQ,Σ, T (a)) recalled above and the interpolation property of L(a) given in
[EPW06, Proposition 3.4.3] imply that triv is compatible with classical specialization in the sense
that the diagram
Det−1R(a) RΓf (GQ,Σ, T (a))⊗R(a) Det
−1
R(a) F
+ //

R(a)

Det−1Λψ RΓf (GQ,Σ, Tψ ⊗ Λψ)⊗Λψ Det
−1
Λψ
F
+
ψ
// Λψ
commutes.
By [Kat04, Section 17.3], the image of the trivialization
triv : Det−1Λψ RΓf (GQ,Σ, Tψ ⊗ Λψ)⊗Λψ Det
−1
Λψ
F
+
ψ −→ Λψ
for a specialization ψ attached to an eigencuspform with good ordinary specialization is equal
to the image of DetΛψ Z(fψ) through the canonical trivialization of proposition 3.1. Hence the
diagram
Det−1R(a) RΓf (GQ,Σ, T (a))⊗R(a) Det
−1
R(a) F
+ //

R(a)

Det−1Λψ RΓf (GQ,Σ, Tψ ⊗ Λψ)⊗Λψ Det
−1
Λψ
F
+
ψ
// Λψ
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in which the bottom horizontal map is the trivialization of proposition 3.1 and the top horizontal
map sends a chosen basis of ∆R(a)(SpecZ[1/p],F ) to a basis of the image of triv is commutative
and there thus exists a basis of ∆R(a)(SpecZ[1/p],F ) satisfying property 2 as claimed.
A more explicit and natural (but also much more intricate and subtle) proof of the existence
of a basis of ∆R(a)(SpecZ[1/p],F ) satisfying property 2 can be given by p-adically interpolating
Kato’s Euler systems in Hida families. See [FK12, Theorem 3.2.3] for a proof along these lines.
Theorem 3.3. There exist p-adic families for which the three requirements 1, 2 and 3 cannot
be simultaneously true.
Proof. As at most one basis can satisfy requirement 2, proposition 3.2 and its proof imply that
there exist families for which the requirements 1 and 2, if they are satisfied, have to be satisfied
by the basis arising from the trivialization constructed from the p-adic L-function L(a). Consider
however a prime ℓ ∈ Σ at which F is ramified and a (necessarily non-classical) point Fψ such
that Tψ is unramified at ℓ. The element L(a) of [EPW06] is the image through the isomorphism
of [EPW06, Theorem 3.6.2] of a p-adic L-function interpolating the special values at motivic
points on the whole of SpecRΣ but with the generic Euler factors with coefficients in R(a) at Σ
removed. Hence ψ(L(a)) is the product of a p-adic L-function times ψ(Eulℓ(F , 1)). However,
the trivialization of Det−1R(a)RΓf (GQ,Σ, T (a)) composed with ψ yields by construction the Euler
factor Eulℓ(Fψ , 1). As ψ is not classical, there is no reason for these two Euler factors to
coincide and one could very well be a unit without the other being one. If this happens, a basis
of ∆(SpecZ[1/p], T (a)) satisfying the requirements 1 and 2 cannot satisfy the requirement 3 at
ψ.
No explicit example of Hida families of nearly-ordinary eigencuspforms is known to exhibit
the phenomenon described at the end of the proof of theorem 3.3. However, this is mainly due
to the extreme computational difficulty of computing non-classical points in Hida families. The
consensus among the experts is that such families exist (and in fact that they are the generic
case).
3.2 A revised conjecture
The detailed example of sub-section 3.1.2 somewhat obscures the general principle underlying
all such counterexamples: in agreement with principle 2.14, we should expect p-adic L-function
to come from trivialization of the compactly supporte étale cohomology over the whole reduced
space together with specialization maps to irreducible components recovering the omitted local
Euler factors. In our actual counterexample, this was indicated by the crucial step in the proof
of theorem 3.3 where it was noted that the p-adic L-function of [EPW06] is the image of a more
general p-adic L-function with Euelr factors removed with coefficients in RΣ. By construction,
the compactly supported étale cohomology complex will involve Galois Euler factor in these spe-
cialization maps (namely the algebraic determinants Lℓ(F )) whereas the trivialization, because
it involves Betti cohomology, will involve automorphic Euler factors. At classical points, these
Euler factors coincide according to the Local Langlands Correspondence and local-global com-
patibility but they have no reason to coincide in general. The following conjectures are designed
to remedy this problem.
3.2.1 Statements of the conjectures
Let Σ be a finite set of finite primes containing {p}. Let RΣ be a reduced p-torsion free complete
local noetherian ring with finite residue field of characteristic p. Let F be the p-adic family of
automorphic motives attached to an n-dimensional determinant D with values in RΣ. Assume
that F is unramified outside Σ, that its residual representation ρ¯ is absolutely irreducible and
denote by (TΣ, ρΣ, RΣ) the GQ,Σ-representation such that D = det ◦ρ. For a a minimal prime
ideal in SpecRΣ, denote by F (a) the specialized p-adic family and by (T (a), ρ(a), R(a)) the
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corresponding GQ,Σ-representation. If ψ ∈ Hom(RΣ, Q¯p) has values in a discrete valuation ring
Oψ, denote likewise by Fψ the specialized family.
Conjecture 3.4. There exist a perfect complex of RΣ-module MΣ and a trivialization
triv : Det−1RΣ RΓc(Z[1/Σ], TΣ)⊗RΣ Det
−1
RΣ
MΣ −→ RΣ
verifying the following properties.
1. For all minimal prime ideal a ∈ SpecRΣ and all ψ ∈ Hom(RΣ, Q¯p) denote by MΣ⊗RΣR(a)
by M(a) and MΣ ⊗RΣ,ψ Oψ by Mψ. Then there are specified isomorphisms(
Det−1RΣ RΓc(Z[1/Σ], TΣ)⊗RΣ Det
−1
RΣ
MΣ
)
⊗RΣ R(a)
can
≃ L{p}(F (a)) ⊗R(a) Det
−1
R(a)M(a)
and (
Det−1RΣ RΓc(Z[1/Σ], TΣ)⊗RΣ Det
−1
RΣ
MΣ
)
⊗RΣ,ψ Oψ
can
≃ L{p}(Fψ)⊗Oψ Det
−1
Oψ Mψ
inducing diagrams
Det−1RΣ RΓc(Z[1/Σ], TΣ)⊗RΣ Det
−1
RΣ
MΣ
triv //

RΣ

L{p}(F (a)) ⊗R(a) Det
−1
R(a)M(a)
// R(a)
(3.2.1)
and
Det−1RΣ RΓc(Z[1/Σ], TΣ)⊗RΣ Det
−1
RΣ
MΣ
triv //

RΣ

L{p}(Fψ)⊗Oψ Det
−1
Oψ Mψ
// Oψ
(3.2.2)
where the horizontal maps of diagram 3.2.1 are defined by commutativity.
2. There exists a basis zΣ of Det
−1
RΣ
RΓc(Z[1/Σ], TΣ) ⊗RΣ Det
−1
RΣ
MΣ such that the image of
zΣ through a motivic specialization ψ with values in Oψ is the p-adic étale realization
z{p}(Mψ) ∈ ∆{p}(Mψ) of the zeta element of Mψ.
In the context of the next proposition, we consider that a basis z{p}(M) of the fundamental
line ∆{p}(M) is a motivic element if it satisfies the first property of conjecture 2.2 and that the
conjecture is then that it satisfies the second.
Proposition 3.5. If conjecture 3.4 is true, then question 1.3 admits a positive answer.
Proof. Assume conjecture 3.4 to be true for the family F . Let Mψ and Mφ be two motives with
coefficients in Oψ and Oφ respectively and both belonging to F . Assume that the TNC is true
for Mφ. Then the image of triv is an element of RΣ which is sent to O by the local morphisms
of the arrows of diagram (3.2.2) for Mφ. Thus, triv has to be an isomorphism. The image of
L{p}(Fψ) ⊗Oψ Det
−1
Oψ Mψ through the horizontal map of diagram (3.2.2) for ψ then has to be
Oψ and so the TNC is true for Mψ.
The right vertical arrows of diagram (3.2.1) and (3.2.2) involve a comparison of
Det−1RΣ RΓc(Z[1/Σ], TΣ)⊗RΣ R(a) and Det
−1RΓc(Z[1/Σ], TΣ)⊗RΣ Oψ
with L (F (a)) and L (Fψ) respectively so involve the tensor products⊗
ℓ∈Σ
Lℓ(F (a)) and
⊗
ℓ∈Σ
Lℓ(Fψ).
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Conjecture 3.4 can thus be true only if the same tensor products appear with an opposite sign
in the maps
Det−1RΣ −→ Det
−1
R(a)M(a), Det
−1
RΣ
−→ Det−1Oψ Mψ
so thatMΣ somehow has to know about the Euler factors of F and Fψ . Because Lℓ(F )⊗R(a)Oψ
need not be canonically isomorphic to Lℓ(Fψ) when ψ is not classical, we further remark that
if conjecture 3.4 is true, then the map
Det−1RΣ −→ Det
−1
Oψ Mψ
does not in general factor through
Det−1RΣ −→ Det
−1
R(a)M(a)
and thus has to be sensitive not only to the irreducible component of SpecRΣ through which
ψ factors but also to the respective role of the other components. On the other hand, local
Euler factors do commute with specialization when ψ is classical so the two diagrams (3.2.1) and
(3.2.2) should combine in that case in a commutative diagram as follows.
Det−1RΣ RΓc(Z[1/Σ], TΣ)⊗RΣ Det
−1
RΣ
MΣ
triv //

RΣ

L{p}(F (a)) ⊗R(a) Det
−1
R(a)M(a)

// R(a)

L{p}(Fψ)⊗Oψ Det
−1
Oψ Mψ
// Oψ
Not so many perfect complexes MΣ can satisfy such a list of requirements so we are led to the
following conjecture.
A tower of Shimura variety (X(Ui))i is a projective system (X(Ui))i of Shimura varieties
indexed by the level such that Ui is maximal hyperspecial at primes outside Σ, constant outside
p and shrinks to identity at p.
Conjecture 3.6. Assume there exists a tower of Shimura varieties such that all motivic points of
F arise as the localization at a suitable maximal ideal of the Hecke algebra RΣ of the cohomology
Hdet(X(Ui) ×Q Q¯,F) in degree d of the Shimura variety X(Ui) with coefficients in some p-adic
local system F . Let n+ be the rank of T+Σ and let n
− be n−n+. Then there exist special elements
(γ+s )1≤s≤n+ and (γ
−
s )1≤s≤n− in the completed cohomology
H˜det(XΣ,Qp)mρ¯ =
(
lim
←−
r
lim
−→
i
Hdet(X(Ui)×Q Q¯,Z/p
rZ)mρ¯
)
⊗Zp Qp
localized at the maximal ideal of the Hecke algebra corresponding to the residual representation ρ¯
such that MΣ is a projective resolution of the RΣ-span of the (γ
±
s ) in H˜
d
et(XΣ,Zp)mρ¯ .
3.2.2 Remarks and discussion
We explain the motivations underlying conjectures 3.4 and 3.6.
First of all, they express together the common insight that while the trivialization of the
algebraic determinant attached to a single motive should come from its Betti cohomology, the
trivialization of the algebraic determinant of a p-adic family of motives should come from the
cohomology of the relevant object at all possible levels; that is to say completed cohomology.
In that sense, they are natural generalizations of the statement that zeta elements should form
Euler systems: just like the compatibility of the TNC with respect to proper base-change implies
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that zeta elements for individual motives should arise as specializations of zeta elements with
coefficients in Iwasawa-theoretic families encapsulating all abelian fields of definition (as recalled
in sub-section 2.2.3), its compatibility with change of ring of coefficients suggests that zeta
elements should come from elements in completed cohomology.
Furthermore, the hope is that a module MΣ as in conjecture 3.6 inherits from H˜
d
et(XΣ,Qp)mρ¯
the conjectural property that this object has of interpolating the Breuil-Schneider Local Lang-
lands Correspondence of [BS07] at primes outside p and thus thatMΣ has the property described
above with respect to specialization maps (to wit, that the correct Euler factors appear in spe-
cializations, including when they are not classical).
It would of course be very desirable to give even a conjectural description of the elements γ± of
conjecture 3.6. However, as the images of these elements in the étale cohomology complex should
coincide with the bases of zeta elements at classical points, these images form an Euler system
and the problem of constructing them even conjecturally amounts to the problem of giving a
conjectural construction of Euler systems in completed cohomology of Shimura varieties: at the
very least an arduous one. A first step towards characterizing them more precisely would be
to extend the generalized reciprocity law of [Kat99] to eigenvarieties. In fact, the proof of this
explicit reciprocity law for modular forms in [Kat04] requires crucially the study of the Shimura
curve with infinite level X1(Np
∞), what is nowadays called a perfectoid Shimura variety. The
first named author confesses that the almost-isomorphism between completed cohomology and
the cohomology of perfectoid Shimura varieties of [Sch13, Theorem IV.2.1] evoked in him the
dream that the elements γ±s and the moduleMΣ could be constructed by un-tilting a comparable
module over a perfectoid Shimura variety of characteristic p (such a module is easy to construct
because conjectures on special values of L-functions are known in great generality even when
the residual characteristic of the scheme and the residual characteristic of the étale sheaf are the
same; see for instance [EK01]). However, such a dream remains at present largely just that-a
dream-as the almost-isomorphism and the tilting process in question are highly transcendental
so that tracking algebraic special elements through such constructions seems hard.
3.2.3 Supporting evidence
In this sub-section, we review the main results of [Fou13] and explain why they are in agreement
with conjectures 3.4 and 3.6 for G = GL2.
Let f ∈ Sk(Γ1(N)) be an eigencuspform of weight k ≥ 2 and let p ∤ N be an odd prime.
Denote by
ρ¯f : GQ −→ GL2(F¯)
the residual GQ-representation attached to f and by N(ρ¯f ) its Artin conductor outside p. Let
Σ be a finite set of finite places containing {ℓ|N(ρ¯f)p}.
Theorem 3.7. Assume that ρ¯f satisfies the following hypotheses.
1. Let p∗ be (−1)(p−1)/2p. The representation ρ¯f |G
Q(
√
p∗)
is absolutely irreducible.
2. Either the representation ρ¯f |GQp is reducible but not scalar (in which case we say that ρ¯f
is nearly-ordinary) or there exists a commutative finite flat p-torsion group scheme G over
Zp and a character µ¯ such that ρ¯f ⊗ µ¯
−1 is isomorphic as F¯[GQp ]-module to (G×Zp Q¯p)[p]
(in which case we say that ρ¯f is flat).
3. There exists ℓ ∈ Σ such that ℓ||N(ρ¯f ) and such that the image of ρ¯f |GQℓ contains a non-
identity unipotent element.
Let RΣ be the universal deformation ring parametrizing deformations of ρ¯f which are nearly-
ordinary or flat (according to whether f itself is nearly-ordinary or flat) and which are unramified
outside Σ (under our hypotheses, this is a complete intersection ring coinciding with an appro-
priate Hecke algebra). Let TΣ be the GQ,Σ-representation with coefficients in RΣ,Iw deforming
ρ¯f . Then there exists a module MΣ in the completed cohomology of the tower of modular curves
as in conjecture 3.6 such that the fundamental line
∆Σ(TΣ) = Det
−1
RΣ
RΓc(GQ,Σ, TΣ)⊗RΣ Det
−1
RΣ
MΣ
satisfies the following properties.
1. There exists a trivialization
triv : ∆Σ(TΣ) −→ RΣ
satisfying the first property of conjecture 3.4 and such that the second property is satisfied
at a classical point ψ if and only if the ETNC is true for fψ.
2. The trivialization triv is an isomorphism (equivalently the ETNC with coefficients in RΣ
is true) if and only if the ETNC for fψ is true for all classical specializations of RΣ if and
only if there exists one classical specialization ψ of RΣ such that the ETNC is true for fψ.
3. If moreover the semi-simplification of ρ¯f |GQp is reducible but not scalar and if f belongs to
Sk(Γ1(p
r))∩Sk(Γ0(N)), then triv is an isomorphism; so the ETNC with coefficients in RΣ
is true and the ETNC is true for all classical specializations of RΣ.
We refer to [Fou13] for the proof and content ourselves with noting that it proceeds in the
following way: first, the compatibilities of conjecture 3.4 are proved; then, they are used conjointly
with the method of Taylor-Wiles system to reduce to the case of a regular local ring of coefficients
and then finally the method of Euler systems is used to establish the result.
Appendix
The determinant functor
Let A be a ring. A graded invertible A-module (P, r) is a pair formed with a projective A-module
P of rank one and a locally constant map r from SpecA to Z. A perfect complex of A-modules
is a complex of A-modules quasi-isomorphic to a bounded complex of projective A-modules of
finite types. An A-module is perfect if it admits a resolution by a perfect complex, hence if it has
finite projective dimension over A. If A is a local noetherian ring, then all bounded complexes
of A-modules are perfect if (and only if) A is regular by the theorem of Auslander-Buchsbaum
and Serre.
The determinant functor DetΛ(−) of [KM76] (see also [Del87]) is a functor
DetΛ P =
(
rankΛ P∧
Λ
P, rankΛ P
)
from the category of projective Λ-modules (with morphisms restricted to isomorphisms) to the
symmetric monoidal category of graded invertible Λ-modules (with morphisms restricted to iso-
morphisms). The determinant functor admits an extension (which is unique up to canonical
isomorphism provided it satisfies the requirements of [KM76, Definition I]) to a functor from the
category of perfect complexes of Λ-modules with morphisms restricted to quasi-isomorphisms to
the category of graded invertible Λ-modules by setting
DetΛ C
• =
⊗
i∈Z
Det
(−1)i
Λ C
i. (3.2.3)
In particular, DetΛ(−) satisfies the following properties: it commutes with derived tensor prod-
uct, there is a canonical isomorphism between DetΛ(0) and (Λ, 0) and there exists a canonical
isomorphism
ιΛ(α, β) : DetΛC
•
2
can
≃ DetΛC
•
1 ⊗Λ DetΛC
•
3 (3.2.4)
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compatible with base-change whenever
0 −→ C•1
α
−→ C•2
β
−→ C•3 −→ 0
is a short exact sequence of complexes. If Λ is reduced, DetΛ(−) further extends to the derived
category of perfect complexes of Λ-modules with morphisms restricted to quasi-isomorphisms
and (3.2.4) extends to distinguished triangles.
Nekovář-Selmer Complexes
Let Q ⊂ K ⊂ Q¯ be a finite extension of Q with ring of integers OK and let S be a finite set of
finite primes of OK containing the set Sp of primes of OK above p. Let A be a finite p-torsion
ring or a complete local noetherian ring and letM be an admissible A[GK,S ]-module in the sense
of [Nek06, Section (3.2)] (when A is a finite ring, this simply means that M is a finite p-torsion
module with a continuous action of GK,S). For G equal to GK,S or GKv for a finite v, denote
by C•(G,M) the complex of continuous cochains with values in M .
A local condition at v ∈ S is a pair (C•? (GKv ,M), iv) where C
•
? (GKv ,M) is a bounded complex
and iv : C
•
? (GKv ,M) −→ C
•(GKv ,M) is a morphism of complexes. Denote by
i : C•(GK,S ,M) −→
⊕
v∈S
C•(GKv ,M)
the direct sum of the localization maps at S and by ι the map
i−
⊕
v∈S
iv : C
•(GK,S ,M)⊕
⊕
v∈S
C•? (GKv ,M) −→
⊕
v∈S
C•(GKv ,M).
The Nekovář-Selmer complex RΓ?(GK,S ,M) ofM (see [Nek06, Chapter 6]) attached to the local
conditions (C•? (GKv ,M), iv) for v ∈ S is the complex
Cone
(
C•(GK,S ,M)⊕
⊕
v∈S
C•? (GKv ,M)
ι
−→
⊕
v∈S
C•(GKv ,M)
)
[−1] (3.2.5)
seen in the derived category. In a slight abuse of notations, we henceforth do not distinguish com-
plexes and their images in the derived category so that we write RΓ?(GKv ,M) for C
•
? (GKv ,M)
and likewise in all similar situations. We also systematically assume that (C•? (GKv ,M), iv) is
equal to (C•(GKv ,M), Idv) for all v ∈ Sp.
When RΓ?(GKv , T ) is the zero complex for all v ∈ S − Sp, the attached Nekovář-Selmer
complex is the complex of cohomology with compact support outside p
RΓc(GK,S ,M) = Cone

RΓ(GK,S ,M)−→ ⊕
v∈S\Sp
RΓ(GKv ,M)

 [−1].
It is also equal to the complex RΓc(OK [1/S],M) of étale cohomology with compact support
outside p (we emphasize that contrary to common practices, we impose no condition at primes
above p). In the opposite direction, when RΓ?(GKv ,M) is equal to RΓ(GKv , T ) and iv is the
identity for all v ∈ S, the Nekovář-Selmer complex is the complex RΓ(GK,S ,M) of continuous
cochains with values in M .
When M is nearly-ordinary in the sense that there exists a short exact sequence of non-zero
A[GKv ]-modules
0 −→M+v −→M −→M
−
v −→ 0
for all v|p, we denote by RΓf (GK,S ,M) the complex attached to the unramified condition
RΓ(GKv ,M
Iv ) with its natural map to RΓ(GKv ,M) at v ∤ p and to the nearly-ordinary con-
dition RΓ(GKv ,M
+
v ) (with its natural inclusion in RΓ(GKv ,M)) at v|p. Explicitly, this is the
31
complex
Cone

RΓ(GK,S ,M)⊕ ⊕
v∈S\Sp
RΓ(GKv/Iv,M
Iv)⊕
⊕
v|p
RΓ(GKv ,M
+
v ) −→
⊕
v∈S\Sp
RΓ(GKv ,M)

 [−1].
The cohomology of RΓf (GK,S ,M) is denoted H
i
f (GK,S ,M).
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